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Devwudfw1 Wklv sdshu glvfxvvhv vrph phwkrgv douhdg| dydlodeoh iru wkh vlpxodwlrq ri fruuhodwhg
khwhurjhqhrxv wdujhwv lq VDU lpdjhv/ dqg h{whqgv rqh ri wkrvh phwkrgv1 Wklv qhz whfkqltxh lv edvhg
rq wkh xvh ri d fruuhodwlrq pdvn dqg Jdxvvldq udqgrp yduldeohv/ lq rughu wr rewdlq vsdwldoo| ghshqghqw
Jdppd ghyldwhv1 Lwv wkhruhwlfdo surshuwlhv duh suhvhqwhg/ dorqj zlwk dq dojrulwkp1 Wkhvh Jdppd
udqgrp yduldeohv/ lq wxuq/ doorz wkh rewdlqphqw ri fruuhodwhg N ghyldwhv1

4 Lqwurgxfwlrq dqg gh�qlwlrqv

Lq wkh v|qwkhwlf dshuwxuh udgdu +VDU, frppxqlw| wkh
pxowlsolfdwlyh prgho kdv ehhq zlgho| dgrswhg iru wkh
prghoolqj ri wkhvh lpdjhv ^43`1 Wklv prgho dvvxphv
wkdw wkh ydoxh lq hyhu| sl{ho/ lq wkh lqwhqvlw| irupdw/
lv wkh revhuydwlrq ri d vwrfkdvwlf surfhvv ] gh�qhg dv
wkh surgxfw ri wzr +pxwxdoo| lqghshqghqw, vwrfkdvwlf
surfhvvhv= � dqg \L / zkhuh � uhsuhvhqwv wkh jurxqg
wuxwk dqg \L prghov wkh vshfnoh qrlvh
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Dpsolwxgh irupdw lv wkh vtxduh urrw ri wkh lqwhqvlw|
vljqdo1 Rqo| lqwhqvlw| gdwd zloo eh wuhdwhg khuh1

Lw lv srvvleoh wr dvvxph wkdw wkh vshfnoh qrlvh lv d
zklwh qrlvh surfhvv/ l1h1/ iruphg e| lqghshqghqw ydul0
deohv/ dqg wkdw wkh| doo reh| dq h{srqhqwldo glvwulex0
wlrq zlwk xqlwdu| phdq1 Vlqfh wklv qrlvh lv yhu| lqwhqvh
dqg pdnhv gl�fxow wkh gluhfw xvh ri wkh lpdjhv/ lw lv
fxvwrpdu| wr surfhvv wkh lpdjhv lq rughu wr eh deoh
wr zrun zlwk pxowlorrn gdwd1 Wkhvh gdwd duh rewdlqhg
wdnlqj wkh phdq ryhu q +lghdoo| lqghshqghqw, vdpsohv
ri wkh vdph lpdjh/ zkhuh iurp rqh revhuydwlrq +orrn,
wr wkh qh{w wkh rqo| srvvleoh yduldwlrq lv gxh wr wkh
qrlvh1 Wkhvh vdpsohv duh rewdlqhg lq wkh surfhvvlqj
vwdjh dqg/ wkxv/ wkhuh lv qr wlph hodsvhg dprqj wkhp1

Fdoolqj \u>L wkh vshfnoh lq hdfk orrn/ dqg dvvxplqj
wkdw wkh| doo reh| d vwdqgdug h{srqhqwldo glvwulexwlrq/
lw lv zhoo nqrzq wkdw wkh phdq \L @ q
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reh|v d Jdppd glvwulexwlrq/ ghqrwhg \L � �+q> q,
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Wklv lv d frpprqo| dffhswhg fkdudfwhulvdwlrq ri wkh
pxowlorrn vshfnoh qrlvh lq lqwhqvlw| irupdw1 Lq rughu

wr ghulyh wkh odz wkdw jryhuqv wkh revhuyhg gdwd/ lw
lv qhffhvdu| wr srvwxodwh glvwulexwlrqv iru wkh jurxqg
wuxwk �1

D zlgho| xvhg prgho iru wkh jurxqg wuxwk ri khw0
hurjhqhrxv dqg krprjhqhrxv wdujhwv lv wkh �+�> �, glv0
wulexwlrq/ fkdudfwhulvhg e| wkh ghqvlw|
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zkhuh � lv uhihuuhg wr dv wkh vkdsh sdudphwhu dqg � dv
wkh vfdoh sdudphwhu1 Wklv glvwulexwlrq/ ehvlghv vkrz0
lqj jrrg �wv wr d zlgh udqjh ri wdujhwv/ fdq eh ghulyhg
iurp wkh sk|vlfdo prghoolqj ri wkh zd| pdwwhu dqg
udgldwlrq lqwhudfw lq wkh lpdjh irupdwlrq1 Wklv lq0
whuihuhqfh skhqrphqrq lv suhvhqw lq hyhu| lpdjh wkdw
xvhv frkhuhqw looxplqdwlrq/ dv lv wkh fdvh ri VDU/ xo0
wudvrxqg/ vrqdu dqg odvhu lpdjlqj1

Wkh prgho iru wkh revhuyhg gdwd ]/ l1h1/ wkh surg0
xfw ri wkh pxwxdoo| lqghshqghqw surfhvvhv � dqg \L /
kdv pdujlqdo lqwhqvlw| N glvwulexwlrq1 Wkh fruuhodwlrq
lqwurgxfhg lq wkh prgho ri � zloo lqgxfh d fhuwdlq fru0
uhodwlrq vwuxfwxuh lq ]1 Iru d ghwdlohg glvfxvvlrq ri wklv
prgho dqg lwv h{whqvlrq/ wkh uhdghu lv uhihuuhg wr ^43`1

D zhdno| vwdwlrqdu| prgho zloo eh xvhg iru wkh
� �hog/ zlwk d qrq0wulyldo fruuhodwlrq vwuxfwxuh1 Wklv
ghsduwxuh iurp wkh zklwh qrlvh prgho uhtxluhv d suhflvh
dqg xqltxh gh�qlwlrq ri wkh idplo| ri glvwulexwlrqv wr
eh vlpxodwhg/ vlqfh wkh mrlqw ghqvlw| qr orqjhu lv wkh
surgxfw ri wkh pdujlqdo ghqvlwlhv1

Lq rughu wr eh frqvlvwhqw zlwk wkh pxowlsolfdwlyh
prgho/ lw lv lpshudwlyh wr lpsrvh wkdw wkh pdujlqdo
glvwulexwlrqv reh| Jdppd odzv/ exw wkhuh lv qr vlq0
joh gh�qlwlrq ri zkdw d yhfwru ri fruuhodwhg Jdppd
udqgrp yduldeohv lv1 Wkh gh�qlwlrq surylghg lq ^8/ 44`
zloo eh dgrswhg khuh/ vlqfh lw doorzv wkh wuhdwphqw ri
xqfruuhodwhg Jdppd udqgrp yduldeohv dv d sduwlfxodu



fdvh ri fruuhodwhg rqhv1

Gh�qlwlrq 414 Wkh udqgrp yhfwru [ 3 reh|v d fruuh0

odwhg Jdppd odz li hdfk ri lwv frpsrqhqwv [3
l pdujl0

qdoo| reh|v d Jdppd odz1

Gh�qlwlrq 415 Wkh vwrfkdvwlf surfhvv [ kdv d fruuh0

odwhg Jdppd glvwulexwlrq li hdfk �qlwh vxevhw ri [ kdv

d fruuhodwhg Jdppd odz1

5 Jhqhudwlrq ri fruuhodwhg Jdppd ghyldwhv

Gl�huhqwo| iurp wkh Jdxvvldq fdvh/ zkhuh wkh fruuhod0
wlrq pdwul{ dqg wkh pdujlqdo glvwulexwlrqv frpsohwho|
vshfli| wkh mrlqw glvwulexwlrq/ wkhvh wzr txdqwlwlhv gr
qrw lqgxfh dq xqltxh mrlqw glvwulexwlrq iru fruuhodwhg
Jdppd udqgrp yduldeohv1

Wkh dssolfdwlrqv wkdw zh ehdu lq plqg rqo| uhtxluh
wkh vshfl�fdwlrq ri wkh pdujlqdo glvwulexwlrqv dqg wkh
fruuhodwlrq vwuxfwxuh1 Wkh uhpdlqlqj frpsrqhqwv uh0
txluhg wr vshfli| wkh mrlqw glvwulexwlrq ri wkh surfhvv
zloo eh lqgxfhg e| wkh zd| lw lv frqvwuxfwhg1

Jlyhq d vhw ri vkdsh sdudphwhuv �4> = = = > �q/ d vhw
ri vfdoh sdudphwhuv �4> = = = > �q/ dqg fruuhodwlrqv �l>m/
zlwk 4 � l> m � q/ lw lv ghvluhg wr rewdlq revhuydwlrqv
iurp wkh udqgrp yhfwru [ @ +[4> = = = >[q,W vxfk wkdw
[l � �+�l> �l, dqg wkdw Fruu+[l>[m, @ �l>m1

Dq lpphgldwh gl�fxow| wkdw dulvhv zlwk wklv sur0
srvdo lv wkdw qrw hyhu| vhw ri fruuhodwlrqv i�l>mj4�l>m�q

lv frqvlvwhqw zlwk dq duelwudu| vhw ri vfdoh sdudph0
whuv i�lj4�l�q vlqfh wkh odwwhu vhw lpsrvhv uhvwulfwlrqv
rq wkh iruphu1 Dqrwkhu olplwdwlrq lv wkdw/ hyhq zlwk
frqvlvwhqw vfdoh sdudphwhuv dqg fruuhodwlrqv dw kdqg/
wkhuh pljkw qrw eh d vxlwdeoh dojrulwkp iru wkh rewdlq0
phqw ri wkh ghyldwhv1 Wklv lv wkh uhdvrq zk| doo wkh
dydlodeoh surfhgxuhv iru wkh jhqhudwlrq ri fruuhodwhg
Jdppd yduldeohv duh h�hfwlyh lq d uhvwulfwhg grpdlq1

Wkhuh duh vlpsoh dojrulwkpv wkdw doorz wkh vlp0
xodwlrq ri erwk srvlwlyho|0 dqg qhjdwlyho|0fruuhodwhg
Jdppd udqgrp yduldeohv iru wkh elyduldwh fdvh1 Zkhq
pruh wkdq wzr udqgrp yduldeohv duh vrxjkw/ wkh uhvwulf0
wlrqv duh pruh vhyhuh1 Lq wkh iroorzlqj vhfwlrq wkh pdlq
vlpxodwlrq surfhgxuhv dydlodeoh iru wkh jhqhudwlrq ri
fruuhodwhg Jdppd udqgrp ghyldwhv zloo eh suhvhqwhg1

514 Elyduldwh Yhfwruv

Wkh phwkrgv suhvhqwhg lq wkh vhfwlrqv 51414 dqg 51415
|lhog sdluv ri fruuhodwhg Jdppd udqgrp yduldeohv/ zlwk
srvlwlyh dqg qhjdwlyh fruuhodwlrq/ uhvshfwlyho|1 Wkh|
erwk uhtxluh d jhqhudwru ri rxwfrphv ri lqghshqghqw
Jdppd udqgrp yduldeohv1

51414 Wulyduldwh Uhgxfwlrq Phwkrg

Wklv phwkrg/ rxwolqhg lq ^4`/ doorzv wkh jhqhudwlrq ri
d wzr0glphqvlrqdo udqgrp yhfwru +[4>[5, zlwk pdu0
jlqdo Jdppd glvwulexwlrqv zlwk dq| vkdsh dqg vfdoh
sdudphwhuv +qdpho| �4> �5 dqg �4> �5,/ exw lpsrvhv
wkh iroorzlqj uhvwulfwlrq rq wkh fruuhodwlrq ehwzhhq wkh
frpsrqhqwv= 3 � � ? plqi�4> �5j@s�4�51 Wkrxjk
wklv lv d olplwdwlrq/ wklv phwkrg doorzv wkh jhqhudwlrq
ri lqwhuhvwlqj vlwxdwlrqv/ sduwlfxoduo| zkhq wkh vfdoh
sdudphwhuv duh forvh1 Lq idfw/ li �4 @ �5 wkhq wkhuh
lv qr uhvwulfwlrq rq wkh fruuhodwlrq frh�flhqw �/ dqg li
�4 @ �5 @ 4 wkhq srvlwlyho| fruuhodwhg h{srqhqwldo gh0
yldwhv fdq eh rewdlqhg1 Wklv dojrulwkp lv edvhg xsrq
wkh dgglwlyh surshuwlhv ri wkh Jdppd glvwulexwlrqv1 Lw
surfhhgv dv iroorzv=

41 Jhqhudwh dq revhuydwlrq iurp wkh udqgrp yduldeoh
\4 � �+�4 � �

s
�4�5>4,>

51 jhqhudwh d ghyldwh iurp \5 � �+�5 � �
s
�4�5> 4,

zklfk lv lqghshqghqw ri \4>

61 jhqhudwh dq rxwfrph ri \6 � �+�
s
�4�5>4, zklfk

lv lqghshqghqw ri \4 dqg ri \5>

71 uhwxuq wkh revhuydwlrq iurp [4 @
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Wklv whfkqltxh lv nqrzq dv wulyduldwh uhgxfwlrq
ehfdxvh wkh fruuhodwhg ghyldwhv iurp [4 dqg [5 duh
rewdlqhg uhgxflqj wkuhh lqghshqghqw udqgrp yduldeohv
\4/ \5 dqg \61 Qrwh wkdw wklv dojrulwkp h{huwv qr
frqwuro ryhu wkh mrlqw glvwulexwlrq ri +[4>[5,1

Rwkhu phwkrgv edvhg rq wkh Odsodfh0Vwlhowmhv wudqv0
irup ^:/ ;`/ r�hu pruh frqwuro ryhu wkh kljkhu0rughu
prphqwv ri wkh glvwulexwlrq/ exw wkh| duh kdughu wr
xvh lq qrq0wulyldo vlwxdwlrqv1

Li wkh vlpxodwlrq ri qhjdwlyho|0fruuhodwhg Jdppd
yduldeohv lv qhhghg/ wkh uhdghu fdq xvh wkh iroorzlqj
phwkrg1

51415 Ehwd0Jdppd Wudqvirupdwlrq

Vrph ri wkh dxwkruv wkh kdyh frqvlghuhg wkh +kdug,
sureohp ri qhjdwlyho|0fruuhodwhg Jdppd udqgrp ydul0
deohv duh ^9/ 45`1 Frqvlghu wkh lqghshqghqw lghqwlfdoo|
glvwulexwhg udqgrp yduldeohv �4> �5> �6 dqg �7 yduldeohv
reh|lqj d �+�> �, odz1 Gh�qh [ @ �4 dqg
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Wkh yduldeoh [ kdv �+�>�, glvwulexwlrq zkloh wkh
udwlr �5@+�4 . �5, kdv d Ehwd glvwulexwlrq zlwk sdudp0
hwhuv +�>�,/ dqg lwv idfwru +�6 . �7, lv dq lqghshqghqw



udqgrp yduldeoh wkdw reh|v d �+5�>�, odz1 Lw lv srvvl0
eoh wr vhh wkdw \ lv d �+�> �, glvwulexwhg udqgrp ydul0
deoh/ dqg wkdw wkhuh lv qhjdwlyh fruuhodwlrq ehwzhhq [
dqg \ ehfdxvh wkh odwwhu lv lqyhuvho| sursruwlrqdo wr
wkh iruphu1 Lw fdq eh suryhg wkdw wklv fruuhodwlrq lv
jlyhq e| �+[>\ , @ ��@+4 . 5�, dqg/ wkhuhiruh/ lw lv
erxqg wr wkh +�4@5> 3, lqwhuydo1

Wkh dgydqwdjh ri wklv phwkrg lv lwv frpsxwdwlrqdo
vlpsolflw|/ wkrxjk lw dovr uhtxluhv wkh xvh ri d jhqhudwru
ri Jdppd ghyldwhv1 Lw fdq eh jhqhudolvhg iru kljkhu gl0
phqvlrqv/ exw wkh glvwulexwlrqdo surshuwlhv ri wkh gdwd
duh kdug wr rewdlq xqohvv wulyldo vlwxdwlrqv duh vlpx0
odwhg1

515 Pxowlglphqvlrqdo Yhfwruv dqg Jhqhudolvhg

Prylqj Dyhudjhv

Lw lv douhdg| nqrzq wkdw li d prylqj dyhudjhv �owhu ri
vl}h O lv dssolhg wr d yhfwru ri xqfruuhodwhg Jdppd
udqgrp yduldeohv/ wkhq wkh uhvxow lv d yhfwru ri fruuh0
odwhg Jdppd udqgrp yduldeohv zlwk wuldqjxodu vkdshg
dxwrfruuhodwlrq ixqfwlrq/ zkhuh wkh vkdsh sdudphwhu lv
pxowlsolhg e| O1 Pruh jhqhudoo|/ hyhu| �owhu zlwk �qlwh
lpsxovh uhvsrqvh zlwk elqdu| frh�flhqwv zloo suhvhuyh
wkh Jdppd pdujlqdo glvwulexwlrq dqg zloo lqwurgxfh
vrph fruuhodwlrq vwuxfwxuh1

Xvlqj wklv surshuw|/ Urqqlqj ^44` dqg Eodfnqhoo ^6`
sursrvh phwkrgv iru wkh vlpxodwlrq ri fruuhodwhg Jdppd
ghyldwhv1 Wkh pdmru sureohp lv wkh ghwhuplqdwlrq ri
wkh �owhuv wkdw kdyh wr eh dssolhg/ vlqfh wkh| rqo| doorz
wkh jhqhudwlrq ri yhu| vlpsoh fruuhodwlrq vwuxfwxuhv1
Wkh| duh suhvhqwhg lq wkh iroorzlqj vhfwlrqv1

51514 Lqflghqfh Pdwul{ Phwkrg

Wklv whfkqltxh zdv lqwurgxfhg e| Urqqlqj ^44` dv d jh0
qhudolvdwlrq ri phwkrgv iru elyduldwh jhqhudwlrq/ zkhuh
rqo| qrq0qhjdwlyh fruuhodwlrq lv rewdlqhg +dv lq vhf0
wlrq 51414,1

Frqvlghu �+4, dqg �+5, yhfwruv ri srvlwlyh frqvwdqwv
dqg glphqvlrqv Q5 dqg P / uhvshfwlyho|/ zlwk P �
Q51 Dvvxph wkdw �+4, @ +�

+4,
4 = = = �

+4,
Q5 , dqg �+5, @

+�
+5,
4 = = = �

+5,
P , duh lqghshqghqw udqgrp yhfwruv vxfk wkdw

�
+4,
l � �+�+4,l >4, dqg �+5,m � �+�+5,m > 4, iru hyhu| 4 � m �
P/ dqg 4 � l �Q51 Wkhq wkh fryduldqfhv pdwulfhv ri
�+4, dqg �+5, duh/ uhvshfwlyho|/

�4 @ Gldjrqdo+�+4,4 > = = = > �
+4,
Q5 ,

�5 @ Gldjrqdo+�+5,4 > = = = > �
+5,
P ,=

Frqvlghu W dq lqflghqfh pdwul{/ l1h1/ W lv d Q5 �
P pdwul{ vxfk wkdw Wl>m 5 i3>4j1 Gh�qlqj wkh yhfwru
� @ �+4, .W�+5, lw lv srvvleoh wr suryh wkdw

41 wkh fryduldqfh pdwul{ ri � lv 	 @ �4 .W�5Ww>

51 li � @ +�4> = = = > �Q5, lv wkh gldjrqdo ri wkh frydul0
dqfh pdwul{ ri �/ wkhq � @ �+4, .W�+5,>

61 ghqrwlqj hyhu| hohphqw ri 	 e| �l>m / wkhq

�l>l @ �
+4,
l .

P[

n@4

Wl>n�
+5,
n Wl>n>

�l>m @
P[

n@4

Wl>n�
+5,
n Wm>n

71 hyhu| frpsrqhqw �l kdv �+�l>4, glvwulexwlrq iru
hyhu| 4 � l � Q51

Lq wklv pdqqhu/ wkh yhfwru � @ +�l,4�l�Q5 kdv d
fruuhodwhg Jdppd glvwulexwlrq zlwk phdqv jlyhq e|
� @ +�4> = = = > �Q5, dqg fryduldqfh pdwul{ 	1

Lq rughu wr lqwurgxfh gl�huhqw vfdoh sdudphwhuv/
frqvlghu wkh srvlwlyh qxpehuv �4> = = = > �Q5 dqg E @
Gldjrqdo +4@�4> = = = >4@�Q5,1 Li � @ E� lw lv lpphgldwh
wkdw wkh pdujlqdo glvwulexwlrqv duh #n � �+�n> �n,1 Lw
lv dovr srvvleoh wr vhh wkdw wkh fruuhodwlrq ehwzhhq #n
dqg #m lv wkh vdph dv wkh fruuhodwlrq ehwzhhq �n dqg
�m1

Zlwk wkhvh uhvxowv/ lq rughu wr jhqhudwh Jdppd
fruuhodwhg ghyldwhv zlwk d fhuwdlq fruuhodwlrq vwuxfwxuh
lw lv qhffhvdu| wr ghulyh wkh lqflghqfh pdwul{ W dv zhoo
dv �+4, dqg �+5, lq rughu wr kdyh � zlwk wkh ghvluhg
fruuhodwlrq pdwul{ 	1 Dq dojrulwkp iru wklv lv dv iro0
orzv=

41 Gh�qh P @ Q5+Q5 � 4,@5/ 	 wkh fruuhodwlrq pd0
wul{ dqg E wkh gldjrqdo pdwul{ zlwk wkh ghvluhg
vfdoh sdudphwhuv1

51 Fkrrvh �+5, d yhfwru ri frqvwdqwv dqg W dq lqfl0
ghqfh pdwul{ vxfk wkdw

�l>l @ �
+4,
l .

P[

n@4

Wl>n�
+5,
n Wl>n>

�l>m @
P[

n@4

Wl>n�
+5,
n Wm>n=

61 Jhqhudwh udqgrp ghyldwhv iurp �
+5,
4 > = = = > �

+5,
P / l1h1/

lqghshqghqw vdpsohv iurp �+�+5,l >4, glvwulexwlrqv1

71 Gh�qh �+4,l @ �l>l �
SP

n@4Wl>n�
+5,
n Wl>n/ iru hyhu|

4 � l � Q51

81 Rewdlq vdpsohv ri �+4,4 > = = = > �
+4,
Q5 / l1h1/ lqghshqghqw

ghyldwhv iurp �+�
+4,
l > 4, udqgrp yduldeohv1



91 Uhwxuq � @ E+�+4, .W�+5,,1

Wklv phwkrg fdqqrw |lhog Jdppd udqgrp ydul0
deohv zlwk qhjdwlyh fruuhodwlrq/ dqg wkh vkdsh sdudph0
whuv duh lpsrvhg e| wkh ghvluhg fruuhodwlrqv1 Pruhryhu/
lw lv riwhq qxphulfdoo| xqvwdeoh1

51515 Prylqj Dyhudjh Ilowhu Phwkrg

Wklv whfkqltxh/ gxh wr Eodfnqhoo ^6`/ lv edvhg rq wkh
xvh ri prylqj dyhudjh �owhuv ryhu lqghshqghqw Jdppd
udqgrp yduldeohv1 Wkh dqdo|vlv ri wkh �owhu lv shu0
iruphg xvlqj wkh prphqw jhqhudwlqj ixqfwlrq ri wkh
uhvxow1

Li [ � �+�>�, wkhq lwv prphqw jhqhudwlqj ixqf0
wlrq lv P[+v, @ H+h{s+[v,, @ +4� 4

�
v,�1

Frqvlghu [ @ +[4> = = = >[Q ,w sduw ri d zhdno| vwd0
wlrqdu| surfhvv> li iru hyhu| v @ +v4> = = = > vQ ,/ zlwk

mvm ? �/ krogv wkdw P[+v, @ H
TQ

m@4 h{s+[mvm, ? 4/
wkhq P[ lv fdoohg prphqw jhqhudwlqj ixqfwlrq ri [1
Qrwh wkdw P[l

+vl, @ P[++3> = = = > vl> = = = >3,w, iru hy0
hu| vl/ wkhuhiruh li pdujlqdo Jdppd glvwulexwlrqv duh
vrxjkw iru hdfk [l zlwk vkdsh dqg vfdoh sdudphwhuv �
dqg � wkh iroorzlqj frqglwlrqv pxvw eh yhul�hg=

P[++v>3> = = = >3,
w, @ P[++3> v> = = = >3,

w,

@ P[++3> = = = > v,
w,

@ +4�
4

�
v,�=

Zh dovr kdyh wkdw H+[l[m, @
C
Cm

�
C
Cl
P[+3,

�
dqg/

wkhuhiruh/ li wkh fruuhodwlrq �m lv ghvluhg dw odj m wkhq
lw pxvw eh lpsrvhg wkdw

�m+[, @

C
Cl

k
C

Cl.m
P[+3,

l
�H+[4,5

Y du+[4,
= +4,

Wkh phwkrg sursrvhg e| Eodfnqhoo frqvlvwv ri re0
wdlqlqj [ dv

SU
u@4K

w
u\u/ zlwk U � 4 �qlwh/ Ku ehlqj

Q �Q pdwulfhv dqg \4> = = = >\U lqghshqghqw udqgrp
yhfwruv/ hdfk rqh iruphg e| lqghshqghqw lghqwlfdoo|
glvwulexwhg udqgrp yduldeohv reh|lqj Jdppd glvwul0
exwlrqv vxfk wkdw P[ kdv wkh uhtxluhg surshuwlhv1

Qrz qrwlfh wkdw li \ lv dq Q0glphqvlrqdo udq0
grp yhfwru/ K lv dq lqyhuwleoh pdwul{ dqg [ @ Kw

\/
wkhq [ kdv lwv prphqw jhqhudwlqj ixqfwlrq jlyhq e|
P[+v, @ P\+Kv,1 Dovr li \4> = = = >\U duh lqghshq0
ghqw udqgrp yhfwruv/ K4> = = = >KU duh Q �Q pdwulfhv/
dqg [ @

SU
u@4K

w
u\u / wkhq P[+v, @

TU
u@4P\u

+Kuv,1
Jlyhq O vxfk wkdw 4 � O � Q gh�qh YO @ ic @

+c4> = = = > cQ , = c4 @ 4> cl 5 i3> 4j>
SQ

l@4 cl @ Oj> wkhq
iru hdfk c 5 YO/ wkh flufxodqw Q �Q pdwul{ Kc>O lv

gh�qhg dv

Kc>O @
4

O

5
9997

c4 c5 = = = cQ
cQ c4 = = = cQ�4
111

111 = = =
111

c5 c6 = = = c4

6
:::8 =

Wkhvh pdwulfhv kdyh wkh surshuw| wkdw urzv dqg fr0
oxpqv kdyh O qrq }hur ydoxhv1

Frqvlghu \ @ +\4> = = = > \Q ,
w d yhfwru ri xqfruuh0

odwhg \l � �+ d�
O
> �
O
, glvwulexwhg udqgrp yduldeohv/ wkhq

iru hyhu| w vxfk wkdw mwm ? �
O
/ P\+w, @

TQ

l@4+4 �
4

�
Owl,�

d�

O 1 Wkhuhiruh/ li [ @ Kc>O\/ rqh kdv wkdw

P[++v4> = = = > vQ ,w, @ P\+Kc>Ov,

@
Q\
l@4

+4�
4

�
O+

Q[
m@4

kl>mvm,,
�

d�

O =

Wkhuhiruh/ iru hdfk 4 � n �Q /

P[++3> = = = > vn> = = = > 3,
w, @ +4�

4

�
vn,

��d=

ehfdxvh wkhuh duh rqo| O urzv zkhuh kl>n 9@ 3 dqg/
wkxv/[ reh|v wkh fruuhodwhg Jdppd glvwulexwlrq zlwk
[l � �+d�> �,1 Wkh frh�flhqwv ri fruuhodwlrq fdq eh
hydoxdwhg xvlqj ht1 +4,/ ru iurp wkh prphqw jhqhudwlqj
ixqfwlrq dw wkh ghvluhg odj m3=

P[+vn3 > vn3.m3, @

@
Q\
l@4

+4� O
4

�
+kln3vn3 . kl+n3.m3,vn3.m3,,

�

d�

O >

dqg frpsdulqj wklv ixqfwlrq zlwk wkh elyduldwh fdvh/
vlqfh

P[4>[5
+v4> v5, @

^+4�
4

�
v4,+4�

4

�
v5,`

��+4��,+4�
4

�
+v4 . v5,,

���=

Iurp wklv lw lv lpphgldwh wkh lghqwl�fdwlrq ri wkh fr0
h�flhqw �1

Lq erwk fdvhv wkh rewdlqphqw ri �m dv d ixqfwlrq
ri d dqg O lv frpsolfdwhg/ dqg rqo| dydlodeoh lq sduwlf0
xodu fdvhv1 Lw lv dovr qrwhzruwk| wkdw lw lv qrw srvvleoh
wr hvwdeolvk d vshfl�f fruuhodwlrq zlwk d vlqjoh iuhh sd0
udphwhu/ vr dgglwlrqdo sdudphwhuv duh uhtxluhg1

Ilqdoo|/ wkh dojrulwkp iru wkh jhqhudwlrq ri wkh
yhfwru [ zlwk fruuhodwhg Jdppd glvwulexwlrq fdq eh
srvhg dv=

41 Gh�qh �4> = = = > �U wkh ghvluhg fruuhodwlrq frh�fl0
hqwv iru wkh �uvw U odjv/ � dqg � wkh vkdsh dqg
vfdoh sdudphwhuv iru wkh �qdo pdujlqdo glvwulex0
wlrqv/ dqg Q wkh glphqvlrq ri wkh �qdo yhfwru1



51 Gh�qh O4> = = = > Op lqwhjhuv zlwk 4 � Ol � Q dqg
iru hdfk ri wkhp ohw cl 5 YOl eh vxfk wkdw wkh|
jhqhudwh �owhuv Kc4 > = = = >Kcp 1 Wkhvh �owhuv lqgxfh
qrq0qxoo dxwrfruuhodwlrq ixqfwlrqv rqo| lq wkh �uvw
U odjv1

61 Fdofxodwh d4> = = = > dp vxfk wkdw

5
9997

4
�4
111
�U

6
:::8 @ d4

5
9997

4
�4+Kc4\4,

111
�U+Kc4\4,

6
:::8. � � �

. dp

5
9997

4
�4+Kcp\p,

111
�U+Kcp\p,

6
:::8 >

zkhuh\4> = = = >\p duhQ0glphqvlrqdo lqghshqghqw
yhfwruv wkdw pdujlqdoo| reh| \l>m � �+dl�

O
> �
O
, glv0

wulexwlrqv / iru hyhu| 4 � l � U dqg hyhu| 4 � m �

Q1

71 Uhwxuq [ @
Sp

l@4Kcl >Ol\l=

Qrwh wkdw

P[+v, @
p\
u@4

Q\
l@4

+4�
O

�

Q[
m@4

ku>l>mvm,
�

du�

O >

wkhq P[++3> = = = > vn> = = = >3,w, @ +4� 4

�
vn,�� dqg [ kdv

pdujlqdo Jdppd glvwulexwlrqv zlwk wkh ghvluhg sd0
udphwhuv � dqg �1

Wklv dojrulwkp lv uhodwlyho| vlpsoh/ wkrxjk frp0
sxwdwlrqdoo| pruh dqg pruh h{shqvlyh dv wkh qxpehu
ri qrq0qxoo fruuhodwhg udqgrp yduldeohv lqfuhdvhv1 Wklv
olplwv lwv xvhixoqhvv wr _vpdoo% fdvhv/ zkhuh wkh eljjhvw
qrq0qxoo fruuhodwlrq odjv duh ri rughu 5 ru 6 dw wkh prvw1

516 Wudqvirupdwlrq Phwkrg

Dq dowhuqdwlyh dssurdfk wr wkh sureohp ri jhqhudwlqj
rxwfrphv iurp fruuhodwhg Jdppd yhfwruv lv d phwkrg
edvhg lq wkuhh vwhsv=

41 jhqhudwlqj lqghshqghqw rxwfrphv iurp d frqyh0
qlhqw glvwulexwlrq>

51 lqwurgxflqj fruuhodwlrq lq wkhvh gdwd>

61 wudqviruplqj wkh fruuhodwhg revhuydwlrqv lqwr wkh
ghvluhg pdujlqdo surshuwlhv ^43`1

Wkh wudqvirupdwlrq wkdw jxdudqwhhv wklv lv re0
wdlqhg iurp wkh fxpxodwlyh glvwulexwlrq ixqfwlrqv ri
wkh gdwd rewdlqhg lq vwhs 5 dqg wkdw ri wkh ghvluhg

glvwulexwlrqv1 Wkh uhdghu lv lqylwhg wr uhfdoo wkdw li X
lv d frqwlqxrxv udqgrp yduldeoh zlwk fxpxodwlyh glv0
wulexwlrq ixqfwlrq IX wkhq IX +X, reh|v d X+3>4, odz
dqg/ uhflsurfdoo|/ li Y reh|v d X +3> 4, glvwulexwlrq wkhq
I�4X +Y , lv IX glvwulexwhg1 Lq rughu wr xvh wklv phwkrg
lw lv qhffhvdu| wr nqrz wkh fruuhodwlrq ri wkh udqgrp
yduldeohv diwhu wkh wudqvirupdwlrq1

Lq sulqflsoh/ wkhuh duh qr uhvwulfwlrqv rq wkh srv0
vleoh rughu sdudphwhuv ydoxhv wkdw fdq eh rewdlqhg e|
wklv phwkrg/ exw qxphulfdo lvvxhv pxvw eh wdnhq lqwr
dffrxqw1 Rwkhu lpsruwdqw srlqw lv wkdw qrw hyhu| gh0
vluhg �qdo fruuhodwlrq vwuxfwxuh lv pdsshg rqwr d ihd0
vleoh lqwhuphgldwh fruuhodwlrq vwuxfwxuh1

Frqvlghu dq| � A 3 dqg ohw J eh wkh fxpxodwlyh
glvwulexwlrq ixqfwlrq ri d �+�>�, glvwulexwhg udqgrp
yduldeoh

J+|, @
+�,�

�+�,

] |

3

{��4h��{g{=

Ohw qrz � eh wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri d
vwdqgdug Jdxvvldq udqgrp yduldeoh +ghqrwh wklv glvwul0
exwlrq Q +3>4,,1 Vlqfh X � Q +3> 4, wkhq wkh yduldeoh
J�4+�+X,, @[ � �+�> �,1

Frqvlghu qrz wkh Q50glphqvlrqdo udqgrp yhfwru
+X4> = = = > XQ5 , zlwk Q +3>	, glvwulexwlrq/ zkhuh

	 @

5
9997

4 �4>5 = = = �4>Q5

�4>5 4 = = = �5>Q5

111
1 1 1 = = =

111
�4>Q5 �5>Q5 = = = 4

6
:::8 +5,

zlwk 3 � m�l>mm ? 4/ iru hyhu| 4 � l � Q5 � 4 dqg
hyhu| l . 4 � m � Q51 Gh�qh iru hyhu| 4 � n � Q5

wkh udqgrp yduldeoh [n @ J�4+�+Xn,,> wkhq [ @
+[4> = = = >[Q5,w kdv d fruuhodwhg Jdppd glvwulexwlrq
zlwk �+[n>[o, @ �+H+[n=[o,� 4,1 Qrz

H+[n[o, @]
4

�4

]
4

�4

J�4+�+xn,,J
�4+�+xo,,!5gxngxo>

zkhuh

!5 @
4

5�
t
+4� �5

n>o
,
h{s

#
�
x5n � 5�n>oxnxo . x5o

5+4� �5n>o,

$
=

Vlqfh wkh ixqfwlrq J�4 lv rqo| dydlodeoh xvlqj qx0
phulfdo phwkrgv/ lw lv dq dssur{lpdwlrq wkdw pd| lp0
srvh uhvwulfwlrqv wr wkh xvh ri wklv vlpxodwlrq phwkrg1

517 Wkh vxp ri vtxduhg qrupdov

Lw lv nqrzq wkdw wkh vxp ri wkh vtxduhv ri q lqghshq0
ghqw lghqwlfdoo| vwdqgdug Jdxvvldq udqgrp yduldeohv



reh|v d Jdppd glvwulexwlrq zlwk vkdsh sdudphwhu
q@51 Li dqrwkhu Jdxvvldq yhfwru lv jhqhudwhg/ zlwk
wkh vdph glvwulexwlrq dqg lqghshqghqfh vwuxfwxuh/ exw
zlwk fruuhodwlrq ehwzhhq fruuhvsrqglqj frruglqdwhv lq
wkh �uvw yhfwru/ wkhq wkh Jdppd udqgrp yduldeoh re0
wdlqhg iurp wkh vhfrqg yhfwru zloo eh fruuhodwhg zlwk
wkdw rewdlqhg iurp wkh �uvw rqh1

Wklv surfhgxuh/ ghvfulehg iru wkh elyduldwh fdvh
lq ^5` dqg hdvlo| jhqhudolvhg wr dq| �qlwh qxpehu ri
Jdppd udqgrp yduldeohv/ kdv wkh glvdgydqwdjh ri rqo|
doorzlqj vkdsh sdudphwhuv wdnlqj ydoxhv q@5 zlwk q lq0
whjhu1 Wkh fruuhodwlrq ehwzhhq frpsrqhqwv lv uhtxluhg
wr eh wkh vtxduh urrw ri wkh �qdo ghvluhg fruuhodwlrq/
zklfk frqvwlwxwhv dqrwkhu uhvwulfwlrq ri wkh phwkrg1

D surri ri wkh surshuwlhv ri fruuhodwhg Jdppd
�hogv rewdlqhg e| wklv phwkrg lv suhvhqwhg/ dqg lq wkh
iroorzlqj vhfwlrq wklv vfkhph zloo eh h{whqghg wr doorz
wkh xvh ri frqyroxwlrq lq Jdxvvldq yhfwruv1

Sursrvlwlrq 514 Frqvlghu wkh � lqghshqghqw udqgrp
yhfwruv �

4
> = = = > �

�
/ hdfk ri glphqvlrq Q5/ doo reh|lqj

wkh Q+3>	, glvwulexwlrq/ vxfk wkdw 	 lv ri wkh irup

	 @
4

5
	4 +6,

zlwk 	4 jlyhq lq ht1 +5,/ 3 � �l>m ? 4 iru hyhu| 4 � l �
Q5 � 4 dqg l .4 � m � Q51

Frqvlghu � @
S�

m@4
�5
m
/ wkhq � @ +�4> = = = > �Q5,w

kdv wkh fruuhodwhg Jdppd glvwulexwlrq vxfk wkdw �l �
�+�@5>4, dqg wkh fruuhodwlrq ehwzhhq �l dqg �m lv �5l>m/

iru hyhu| 4 � l �Q5 � 4 dqg l. 4 � m � Q51
Dovr li 4@�4> = = = > 4@�Q5 duh srvlwlyh lqwhjhuv dqg

li E lv wkh gldjrqdo pdwul{ iruphg e| wkhvh frqvwdqwv/
wkhq [3 @ E� kdv fruuhodwhg Jdppd glvwulexwlrq zlwk
pdujlqdov �+�@5> �n, dqg zlwk fruuhodwlrq ehwzhhq [3

l

dqg [3
m jlyhq e| �5l>m/ iru hyhu| 4 � l � Q5 � 4 dqg

l. 4 � m � Q51

Surri= Vrph xvhixo dqg zhoo nqrzq uhvxowv duh=

41 Li � � Q+3> 4@5,/ wkhq �5 � �+4@5> 4,1

51 Frqvlghu wkh lqghshqghqw lghqwlfdoo| glvwulexwhg
udqgrp yduldeohv �4> = = = > �� reh|lqj wkh Q+3>4@5,
odz/ wkhq �5

4
. � � �. �5� � �+�@5>4,1

61 Frqvlghu � @ +�4> = = = > �Q5 ,w dq Q50glphqvlrqdo
yhfwru zlwk Q+3>	, glvwulexwlrq/ zkhuh 	 lv dv
jlyhq lq ht1 +6,1 Ohw �

m
@ +�4>m > = = = > �Q5>m,

w zlwk

4 � m � �/ eh Q50glphqvlrqdo lqghshqghqw udq0
grp yhfwruv/ hdfk kdylqj d Q+3>	, glvwulexwlrq/
zlwk 	 ri wkh irup jlyhq lq ht1 +6,1 Gh�qh � @
S�

m@4
�5
m
@ +
S�

m@4
�5
4>m> = = = >

S�

m@4
�5
Q5>m

,w dqg ohw

�l @
S�

m@4
�5l>m / zlwk 4 � l � Q51 Wkhq �l �

�+�@5>4,/ zlwk H+�m, @ �@5 dqg Y du+�m, @ �@51
Lq rwkhu zrugv/ � kdv d fruuhodwhg Jdppd glvwul0
exwlrq1

Lq rughu wr frpsxwh wkh fruuhodwlrq ehwzhhq �l
dqg �m/ ohw xv yhuli| �uvw wkdw li +X> Y , lv d Q++3>3,>	,
glvwulexwhg yhfwru zlwk fryduldqfh pdwul{ ri wkh irup

	 @
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��4�5 �5

5

�

wkhq H+X5Y 5, @ �5
4
�5
5
+4 . 5�5,1 Xvlqj wklv/ vlqfh

Fry+�l> �m, @ H+�l�m,�H+�l,H+�m,/ dqg vlqfh H+�m, @
H+�l, @ �@5/ zh pxvw frpsxwh H+�l> �m,1 Xvlqj wkh
idfw wkdw wkh yhfwruv �

m
duh lqghshqghqw/ wkh suhylrxv

uhvxow dqg wkh idfw wkdw H+�5l>n, @ 4@5/ zh kdyh

H+�l> �m, @ H+
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@
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[
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5

@
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7
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4

7

@
�

7
+�.5�5l>m,

Wkhq Fry+�l> �m, @
4

7
�5 . �

5
�5l>m �

�
5

7
@ �

5
�5l>m/ vr

�+�l> �m, @
Fry+�l> �m,s

Y du+�l,Y du+�m,
@

�
5
�5l>m
�
5

@ �5l>m=

Vxppdul}lqj/ frqvlghu � @ +�4> = = = > �Q5,w lv d Q50
glphqvlrqdo yhfwru zlwk �m � �+�@5> 4, dqg �+�l> �m, @
�5l>m 1 Li E @ Gldjrqdo+ 4

�4
> = = = > 4

�
Q5

, zlwk �l A 3 dqg

[3 @ E� wkhq �l � �+�@5> �l, dqg Fry+[3

l>[
3

m, @

Fry+�l> �m, @ �5l>m 1

518 Sursrvdo= pxowlyduldwh uhgxfwlrq

Wkh odvw phwkrg kdv d uhvwulfwlrq rq wkh srvvleoh ydo0
xhv iru wkh vkdsh sdudphwhu/ exw lw kdv wkh dgydqwdjh
ri ehlqj hdv| wr lpsohphqw dqg wkh uhvwulfwlrq lv ri
qr sudfwlfdo lpsruwdqfh iru wkh dssolfdwlrqv wkdw zh
ehdu lq plqg1 Wklv phwkrg uholhv rq wkh rewdlqphqw ri
fruuhodwhg Jdppd udqgrp yduldeohv/ zlwk fruuhodwlrqv
wkdw duh wkh vtxduh urrw ri wkh ghvluhg ydoxh1

Wkh xvh ri frqyroxwlrq �owhuv iru wkh jhqhudwlrq
ri vxfk fruuhodwhg Jdppd ghyldwhv lv sursrvhg lq wklv
zrun/ xvlqj lqghshqghqw qrupdo udqgrp yduldeohv dv
lqsxw1 Wkh surfhgxuh fdq eh rxwolqhg dv



41 Jhqhudwh lqghshqghqw qrupdo revhuydwlrqv1

51 Fkrrvh wkh fruuhodwlrq dv wkh vtxduh ri d vxlwdeoh
ixqfwlrq H/ gh�qhg rq ]51

61 Fdofxodwh wkh pdvn � wkdw wkh frqyroxwlrq �owhu
zloo xvh/ vxfk wkdw � � � @ H1

71 Dsso| wkh frqyroxwlrq �owhu wr wkh lqghshqghqw
qrupdo ghyldwhv/ rewdlqlqj rxwfrphv iurp wkh sur0
fhvvhv zlwk fruuhodwlrq H lq hdfk frpsrqhqw1

81 Uhwxuq wkh vxp ri wkh vtxduhv ri hdfk qrupdo gh0
yldwh1

Zh zloo frqvlghu wkh idplo| ri ixqfwlrqv H vxfk
wkdw

41 H = ]5 $ U lv d shulrglf ixqfwlrq zlwk ixqgdphq0
wdo shulrg UQ @ i+v4> v5,@3 � v4> v5 � Q � 4j1

51 Wkhuh lv d xql0glphqvlrqdo shulrglf ixqfwlrq H4

vxfk wkdw H+v4> v5, @ H4+v4,H4+v5,1

61 Wkhuh lv d uhdo fkdudfwhulvwlf ixqfwlrq f vxfk wkdw

H4+v, @

�
f+v, 3 � v � Q

5

f+Q � v, Q
5
.4 � v � Q � 4

Wkh xvh ri wklv whfkqltxh zloo eh looxvwudwhg zlwk d
sduwlfxodu +xvhixo dqg zlgho| hpsor|hg, fkdudfwhulvwlf
ixqfwlrq= wkdw ri qrupdo glvwulexwlrq1 Wkh iroorzlqj
gh�qlwlrqv duh qhhghg=

Gh�qlwlrq 514 Ghqrwh v @ +v4> v5, dqg ohw H = ]5 $
U eh wkh shulrglf ixqfwlrq zlwk ixqgdphqwdo shulrg UQ

gh�qhg e|

H+v, @

;
AAAA?
AAAA=

h{s+� 4
5
v5
4
.v5

5

c5
,, li v 5 U4

h{s+�4
5
+Q�v4,

5.v5
5

c5
, li v 5 U5

h{s+�4
5
v5
4
.+Q�v5,

5

c5
, li v 5 U6

h{s+�4
5
+Q�v4,

5.+Q�v5,
5

c5
, li v 5 U7

zkhuh U4 @ iv = 3 � v4> v5 � Q@5j/ U5 @ iv = Q@5 .
4 � v4 � Q � 4> 3 � v5 � Q@5j/ U6 @ iv = 3 � v4 �
Q@5>Q@5.4 � v5 �Q �4j/ dqg U7 @ iv = Q@5.4 �
v4> v5 � Q � 4j1

Gh�qlwlrq 515 Ohw � = ]5 $ U eh d shulrglf ixqfwlrq

zlwk ixqgdphqwdo shulrg UQ vxfk wkdw

� � �+v4> v5, @
Q�4[
w4@3

Q�4[
w5@3

�+w4> w5,�+v4 � w4> v5 � w5,

@ H+v4> v5,

dqg vxfk wkdw

�+v4> v5, @

;?
=

�+Q � v4> v5, li +v4> v5, 5 U5

�+v4>Q � v5, li +v4> v5, 5 U6

�+Q � v4> Q � v5, li +v4> v5, 5 U7

Sursrvlwlrq 515 Wkhuh lv d ixqfwlrq � = ]5 $ U wkdw

vdwlv�hv wkh suhylrxv gh�qlwlrq1

Surri= Wkh ixqfwlrq H ehorqjv wr wkh idplo| vlqfh

H+v4> v5, @ h{s+�4
5
v5
4

c5
, h{s+� 4

5
v5
5

c5
, @ H4+v4,H4+v5,1

Zh zloo suryh wkdw wkhuh h{lvwv �4 = ]$ U xqlgl0
phqvlrqdo zlwk shulrg U @ i3> = = = >Q � 4j vxfk wkdw

41 �4 � �4+v4, @
SQ�4

m@3 �4+m,�4+v4 � m, @ H4+v4, iru
hyhu| v4 5 ]/

51 �4+v4, @ �4+Q � v4,/ li
Q
5
. 4 � v4 �Q � 41

Li vxfk �4 h{lvwv/ lw zloo vx�fh wr gh�qh wkh ixqf0
wlrq � lq vhsdudeoh irup/ l1h1/ �+v4> v5, @ �4+v4,�4+v5,
lq rughu wr krog wkh sursrvlwlrq1

Xvlqj ohppd 514/ wkh Irxulhu wudqvirup ri H4

aH4+v4, @
4

Q

Q�4[
n@3

H4+n,$
�

v4n>Q

lv d uhdo srvlwlyh ixqfwlrq/ wkhq zh fdq gh�qh wkh sh0

ulrglf ixqfwlrq # dv # @
s

aH41 Wklv ixqfwlrq vdwlv�hv
wkdw #+n, @ #+Q � n,/ vlqfh

aH4+Q � n, @
4

Q

Q�4[
o@3

H4+o,$
�

+Q�n,o>Q

@
4

Q

Q�4[
o@3

H4+Q � o,$�+Q�n,o>Q

@ aH4+n,=

Lq rughu wr rewdlq wklv uhvxow wkh surshuwlhv ri wkh xqlw
urrwv dqg wkh gh�qlwlrq ri H4 duh xvhg1

Frqvlghu qrz �4/ wkh lqyhuvh Irxulhu wudqvirup ri
#

�4+v4, @ �#+v4, @
Q�4[
n@3

#+n,$nv4>Q =

Wkhq/ e| wkh surshuwlhv ri wkh shulrglf Irxulhu wudqv0

irup dqg wkh gh�qlwlrq ri �4/ g�4 � �4 @ a�4 a�4 @ a�#=a�# @
#=# @ aH4/ dqg e| wkh xqlflw| ri wkh wudqvirup rqh kdv
wkdw �4 � �4 @ H4 yhuli|lqj/ wkxv/ wkh �uvw frqglwlrq1

Wkh vhfrqg frqglwlrq vwhpv iurp wkh idfw wkdw wkh
lqyhuvh Irxulhu wudqvirup dozd|v vdwlv�hv wkdw �#+Q �

n, @ �#+n,� iru hyhu| 3 � n � Q � 4/ dqg wkdw

�#+n,� @
Q�4[
o@3

#+o,$�no>Q



@
Q�4[
o@3

#+Q � o,$+Q�o,n>Q @ �#+n,=

Iurp wkhvh rqh kdv wkdw �4+v4, @ �4+Q � v4, li Q@5 .
4 � v4 � Q � 41

Ohppd 514 Wkh Irxulhu wudqvirup ri H4/ jlyhq e|
aH4+v4, @

4
Q

SQ�4
n@3 H4+n,$�v4n>Q lv d uhdo srvlwlyh ixqf0

wlrq1

Surri= Zh zloo qrz fkhfn wkdw aH4 lv d uhdo srvlwlyh
ixqfwlrq1 Uhphpehu wkdw H4+m, @ f+m,/ iru hyhu| 3 �
m � Q@5 dqg H4+Q � m, @ f+Q � m, lq hyhu| 4 �
m � Q@5 � 4/ zlwk f wkh fkdudfwhulvwlf ixqfwlrq ri wkh
Q +3> c�5, glvwulexwlrq1 Vlqfh f lv d srvlwlyh gh�qlwh
ixqfwlrq/ wkhq

P @

5
9999997

H4+3, H4+4, = = = H4+Q � 4,
H4+Q � 4, H4+3, = = = H4+Q � 5,

111
111

1 1 1
111

H4+4, H4+5, = = = H4+3,

6
::::::8

lv d flufxodqw srvlwlyh gh�qlwh pdwul{1 Wkhuhiruh/ lwv
hljhqydoxhv duh srvlwlyh uhdo qxpehuv1 Wkhvh hljhqydo0
xhv duh/ iru hyhu| 3 � m � Q � 4/

�m @
Q�4[
n@3

H4+n,$
�

mn>Q @ Q aH4+m, A 3>

dqg/ wkhuhiruh/ aH4 lv d uhdo srvlwlyh ixqfwlrq1

Gh�qlwlrq 516 Frqvlghu �n/ 4 � n � 5�/ lqghshq0

ghqw Jdxvvldq zklwh qrlvh shulrglf vwrfkdvwlf surfhvvhv

zlwk ixqgdphqwdo shulrg UQ 1 Gh�qh �n/ 4 � n � 5�/
shulrglf surfhvvhv zlwk ixqgdphqwdo shulrg UQ / dv

�n+v4> v5, @ +� � �n,+v4> v5,

Sursrvlwlrq 516 Wkh surfhvvhv �n dv suhylrxvo| gh0

�qhg vdwlvi| wkh iroorzlqj surshuwlhv=

41 �n+v4> v5, � Q+3> +� � �,+3> 3,@5,/ l1h1/ �n duh vwr0

fkdvwlf surfhvvhv zlwk Jdxvvldq pdujlqdov zlwk }hur

phdq dqg yduldqfhv 4@51

51 H+�n+3> 3,�n+v4> v5,, @
+���,+v4>v5,

5 @ H+v4>v5,
5 1

61 �+�n+3>3,> �n+v4> v5,, @ H+v4> v5,

Surri= Vlqfh wkh shulrglf frqyroxwlrq lv d �qlwh olqhdu
frpelqdwlrq/ wkh surfhvvhv �n reh| Jdxvvldq glvwulex0
wlrqv vlqfh wkh surfhvvhv �n duh lqghshqghqw zklwh qrlvh

Jdxvvldq surfhvvhv1 Lq rughu wr yhuli| wkh vhfrqg lwhp/
wkh vdph uhdvrq lv xvhg dorqj zlwk wkh gh�qlwlrq ri �1

H+�n+3>3,�n+v4> v5,, @ H+
[
w>q

�n+w4> w5,�

�+v4 � w4> v5 � w5,�n+q4> q5,�+�q4>�q5,,

@
[
w>q

�+�q4>�q5,�+v4 � w4> v5 � w5, �

H+�n+w4> w5,�n+q4> q5,,

@
[
q

�+�q4>�q5,�+v4 � q4> v5 � q5, �

H+�n+q4> q5,�n+q4> q5,,

@
4

5

[
q

�+q4> q5,�+v4 � q4> v5 � q5,

@
4

5
+� � �,+v4> v5, @

4

5
H+v4> v5,

Dovr qrwh wkdw �+�+3> 3,> �+v4> v5,, @ H+v4> v5,1

Gh�qlwlrq 517 Gh�qh wkh shulrglf vwrfkdvwlf surfhvv

� zlwk ixqgdphqwdo shulrg UQ dv wkh vxp ri vtxduhv

�+v4> v5, @
S5�

n@4 �
5
n+v4> v5, iru hyhu| +v4> v5, 5 UQ /

dqg dvvxph � A 31 Wkh shulrglf vwrfkdvwlf surfhvv �
lv gh�qhg dv �+v4> v5, @

4
�
�+v4> v5, iru hyhu| +v4> v5, 5

UQ 1

Sursrvlwlrq 517 Wkh iroorzlqj surshuwlhv krog

41 Wkh surfhvv � lv d zhdno| vwdwlrqdu| vwrfkdvwlf
surfhvv zlwk fruuhodwhg Jdppd glvwulexwlrq vxfk
wkdw �+v4> v5, � �+�> 4,1

51 Wkh surfhvv � lv d zhdno| vwdwlrqdu| vwrfkdvwlf
surfhvv zlwk fruuhodwhg Jdppd glvwulexwlrq vxfk
wkdw

+d, �+v4> v5, � �+�> �,/ wkhq H+�+v4> v5, @ �
�

dqg Y du+�+v4> v5, @
�
�5

1

+e, Wkh frh�flhqw ri fruuhodwlrq dw odj +v4> v5, lv
�+�+v4>v5,> �+3>3,, @ H5+v4> v5,1

Surri= Qrwh wkdw wkh surfhvvhv �4> = = = > �5� duh lqgh0
shqghqw zhdno| vwdwlrqdu| Jdxvvldq surfhvvhv/ hdfk
zlwk

41 �n+v4> v5, � Q+3>4@5,/ ; +v4> v5, 5 UQ dqg

51 H+�n+v4> v5,�n+w4> w5, @
4
5
H+v4 � w4> v5 � w5,1

Dsso|lqj Sursrvlwlrq 514 wr �n lq UQ / zh rewdlq
wkh fruuhodwhg Jdxvvldq surfhvv � zlwk pdujlqdo glv0
wulexwlrqv �+v4> v5, � �+�>4,1 Dqdorjrxvo|/ � lv d shul0
rglf surfhvv zlwk fruuhodwhg Jdppd glvwulexwlrq dqg



� � �+�>�,/ zlwk frh�flhqwv ri fruuhodwlrq jlyhq e|

�+�v4>v5 > �+3>3,, @ �+�+v4> v5,> �+3>3,,

@ �5+�+v4> v5,> �+3> 3,,

@ H5+v4> v5,=

6 Vlpxodwlqj khwhurjhqhrxv lpdjhv

Wkh suhylrxvo| suhvhqwhg phwkrg zdv lpsohphqwhg xv0
lqj wkh LGO815 ghyhorsphqw sodwirup/ dqg dv wkh iro0
orzlqj dojrulwkp

41 Jhqhudwh wkh Jdxvvldq zklwh qrlvhv �n/ zlwk ydul0
dqfh 4@5 iru hyhu| 4 � n � 5�1

51 Gh�qh h4+m, @ h{s+�4
5
m5

c5
, li 3 � m � Q@5/ dqg

h4+m, @ h4+Q � m, li Q@5 . 4 � m �Q � 41

61 Frpsxwh wkh iuhtxhqf| grpdlq pdvn #5+v4> v5, @s
IIW+h4>�4,+v4,=

s
IIW+h4>�4,+v5,1

71 Fdofxodwh �n @ IIW+#5=IIW+�n>�4,> 4,/ iru hyhu|
4 � n � 5�1

81 Rewdlq � @ 4
�

S5�
n@4 �

5
n1

91 Jhqhudwh lqghshqghqw udqgrp yduldeohv lghqwlfdoo|
glvwulexwhg dv �+q>q,/ zkhuh q lv wkh ghvluhg htxly0
dohqw qxpehu ri orrnv/ \ 1

:1 Uhwxuq ] @ �=\ 1

Wkh qrwdwlrq IIW+X>�4, dqg IIW+X> 4, uhsuh0
vhqwv wkh gluhfw dqg lqyhuvh Irxulhu wudqvirupv/ uhvshf0
wlyho|/ ri wkh lqsxw X 1 LGO 815 frpsxwhv wkhvh ixqf0
wlrqv xvlqj d urxwlqh edvhg rq wkh Idvw Irxulhu Wudqv0
irup dojrulwkp1 Lw lv qrwhzruwk| wkdw wkh eljjhu wkh
sdudphwhu �/ wkh vorzhu zloo eh wkh h{hfxwlrq ri wklv
surfhgxuh1

Wkh uhwxuq vlpxodwhg zlwk wklv surfhgxuh reh|v dq
lqwhqvlw| N glvwulexwlrq/ fkdudfwhulvhg e| wkh ghqvlw|

i] +}, @
5
�s

�q
��.q

}+�.q,@5N��q

�
5
s
�q}

�

� +q, � +�,

zkhuh }>�> �>q A 3 dqgNy lv wkh prgl�hg Ehvvho ixqf0
wlrq ri wkh wklug nlqg dqg rughu �1 Wklv lv wkh glv0
wulexwlrq ri d udqgrp yduldeoh rewdlqhg dv wkh surg0
xfw ri wzr lqghshqghqw udqgrp yduldeohv wkdw reh|
�+q>q, dqg �+�> �, glvwulexwlrqv1 Wklv glvwulexwlrq
kdv ehhq frqvdjudwhg lq wkh VDU olwhudwxuh dv dq h{fho0
ohqw prgho iru khwhurjhqhrxv dqg krprjhqhrxv wdujhwv1
Pruh ghwdlov derxw wklv dqg rwkhu glvwulexwlrqv dulvlqj
iurp wkh pxowlsolfdwlyh prgho fdq eh vhhq lq ^7`1

Ilj1 4 vkrzv vl{whhq vlpxodwhg � �hogv ri vl}h 589�
589 hdfk/ zlwk ydu|lqj vkdsh sdudphwhu � +froxpqv

zlwk � 5 i3=8> 4>4=8>5j, dqg fruuhodwlrq ohqjwk c +urzv
zlwk c 5 i4>5>7> ;j,1 Ilj1 5 vkrzv wkh lpdjhv wkdw
vkrxog eh uhwxuqhg e| d wkuhh0orrnv v|vwhp/ fruuhvsrqg0
lqj wr wkh wuxwk lpdjhv vkrzq lq Ilj1 41

Iljxuh 4= Vlpxodwhg � �hogv/ zlwk � ydu|lqj lq wkh
urzv dqg fruuhodwlrq odj ydu|lqj lq wkh froxpqv1

Wkh dghtxdf| ri wkh vlpxodwlrq surfhgxuh zdv
fkhfnhg frpsdulqj ghvluhg fruuhodwlrq vwuxfwxuhv zlwk
wkh revhuyhg rqhv/ iru d ydulhw| ri sdudphwhuv/ dqg wkh
uhvxowv duh frpsdwleoh zlwk wkh wkhru|1 Ghwdlohg uhvxowv
rq hvwlpdwlrq surfhgxuhv iru wkh vsdwldo ghshqghqfh ri
VDU gdwd zloo eh uhsruwhg hovhzkhuh1

7 Frqfoxvlrqv

Phwkrgv iru wkh jhqhudwlrq ri fruuhodwhg Jdppd �hogv
kdyh ehhq suhvhqwhg dqg glvfxvvhg/ dlplqj dw wkh vlp0
xodwlrq ri fruuhodwhg N �hogv iru VDU lpdjh vlpxod0
wlrq1 Prylqj dyhudjhv kdv wkh dgydqwdjh ri doorzlqj
dq| vkdsh sdudphwhu dqg d zlgh ydulhw| ri dxwrfruuh0
odwlrq ixqfwlrqv exw/ lq sudfwlfh/ lw lv wrr fxpehuvrph
wr eh lpsohphqwhg exw lq yhu| vlpsoh vlwxdwlrqv1 Ph0
wkrgv edvhg rq udqgrp yduldeohv wudqvirupdwlrqv duh
dovr yhu| jhqhudo dqg kdyh wkh ohdvw uhvwulfwlrqv ri doo
wkh whfkqltxhv frqvlghuhg/ exw wkh| uho| rq qxphulfdo
dssur{lpdwlrqv zklfk duh vhogrp h�hfwlyh1 Wkh vxp ri
vtxduhv ri Jdxvvldq udqgrp yduldeohv olplwv wkh vkdsh
sdudphwhuv wr kdoyhv ri lqwhjhuv/ exw li wklv uhvwulfwlrq
lv ri olwwoh ru qr vljql�fdqfh +dv lv wkh fdvh iru VDU
lpdjh vlpxodwlrq, lw lv wkh uhfrpphqghg phwkrg1



Iljxuh 5= Wkh revhuyhg gdwd/ zlwk wkuhh orrnv dqg
jurxqg wuxwk vlpxodwhg lq Ilj1 41

D idplo| ri dxwrfruuhodwlrq ixqfwlrqv zdv sursrvhg
lq wklv duwlfoh/ dqg d vlpxodwlrq phwkrgrorj| zdv suh0
vhqwhg iru lw1 Phpehuv ri wklv idplo| kdyh ehhq suhyl0
rxvo| xvhg iru wkh prghoolqj ri iruhvw gdwd ^<`/ dvvxp0
lqj wkdw wkh vsdwldo fruuhodwlrq ghfd|v h{srqhqwldoo| dw
glvwdqfh c1 Vlpxodwlrqv ri wklv prgho duh suhvhqwhg iru
vhyhudo sdudphwhu ydoxhv1

Wklv zrun zloo eh h{whqghg wr rwkhu phpehuv ri
wkh fodvv ri glvwulexwlrqv dulvlqj lq wkh prghoolqj dqg
dqdo|vlv ri VDU lpdjhv1

Dfnqrzohgjhphqwv

Wklv zrun zdv sduwldoo| vxssruwhg e| judqwv iurp wkh
Dujhqwlqh djhqflhv FRQLFRU dqg Vhf|w0XQF/ dqg
wkh Eud}loldq djhqflhv FQSt +Surf1 85679<2<90<, dqg
IDFHSH +DST 3:3:041362<:,1 Wkh dxwkruv dfnqrzo0
hgjh wkh vxjjhvwlrqv pdgh e| wkh uhihuuhv1

Uhihuhqfhv

^4` E1F1 Duqrog +4<9:,1 D qrwh rq pxowlyduldwh glv0
wulexwlrqv zlwk vshfl�hg pdujlqdov1 M1 Dp1 Vwdw1

Dvvrf1/ y1 95/ s1 4793~47941

^5` E1E1 Dupvwurqj/ K1G1 Jul�wkv +4<<4, Prghoolqj
vsdwldoo| fruuhodwhg N0 glvwulexwhg foxwwhu/ Hohfw1
Ohw1/ y1 5:/ s1 4688~46891

^6` G1 Eodfnqhoo +4<<7, Qhz phwkrg iru wkh vlpxod0
wlrq ri fruuhodwhg N0glvwulexwhg foxwwhu1 LHH Surf1

Udg1/ Vrq1 Qdy1/ y1 474/ s1 86~8;1

^7` D1F1 Iuhu|/ K10M1 P�xoohu/ F1F1I1 \dqdvvh/ V1M1V1
Vdqw*Dqqd +4<<:, D prgho iru h{wuhpho| khw0
hurjhqhrxv foxwwhu/ LHHH Wudqvdfwlrqv rq Jhr0

vflhqfh dqg Uhprwh Vhqvlqj/ y1 68/ s1 97;~98<1

^8` Q1O1 Mrkqvrq/ V1 Nrw} +4<:5, Glvwulexwlrqv lq

vwdwlvwlfv= Frqwlqxrxv Pxowlyduldwh Glvwulexwlrqv1
Zloh|/ Qhz \run1

^9` S1D1Z1 Ohzlv +4<;6, Jhqhudwlqj qhjdwlyho| fru0
uhodwhg Jdppd yduldwhv xvlqj wkh Ehwd0Jdppd
wudqvirupdwlrq/ Surf1 4<;6 Zlqwhu Vlpxodwlrq

Frqi1/ Zdvklqjwrq/ G1F1/ s1 4:8~4:91

^:` S1D1Z1 Ohzlv +4<;8, Vrph vlpsoh prghov iru frq0
wlqxrxv yduldwh wlph vhulhv1Zdwhu Uhvrxufhv Exoo1/
y1 54/ s1 968~9771

^;` S1D1Z1 Ohzlv/ H1M1 Rudy +4<;<,1 Vlpxodwlrq

phwkrgrorj| iru vwdwlvwlfldqv/ rshudwlrqv dqdo|vwv/

dqg hqjlqhhuv1 Zdgvzrwk/ Eurrnv dqg Froh1
Vwdwlvwlfv2Suredelolw| Vhulhv1

^<` S1 Orpedugr/ F1M1 Rolyhu +4<<8, Hvwlpdwlqj wkh
fruuhodwlrq surshuwlhv ri N0glvwulexwhg VDU foxw0
whu1 LHH Surf1 Udg1 Vrq1 Qdy1/ y1 475/ s1 49:~4:;1

^43` F1M1 Rolyhu> V1 Txhjdq +4<<;, Xqghuvwdqglqj

v|qwkhwlf dshuwxuh udgdu lpdjhv1 Duwhfk Krxvh/
Ervwrq1

^44` J1 Urqqlqj +4<::, D vlpsoh vfkhph iru jhqhudw0
lqj Pxowlyduldwh Jdppd glvwulexwlrqv zlwk qrq
qhjdwlyh fryduldqfh pdwul{/ Whfkqrphwulfv/ y1 4</
s1 4:<~4;61

^45` E1Z1 Vfkphlvhu/ U1 Odo +4<;5,/ Elyduldwh Jdppd
udqgrp yhfwruv/ Rshu1 Uhv1/ y1 63/ s1 599~5:71


