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Abstract. Thewatershedtransformandthemorphologicalreconstructionaretwo of themostimportantopera-
torsfor imagesegmentationin theframework of mathematicalmorphology. In many situations,thesegmentation
requirestheclassicalwatershedtransformof a reconstructedimage.In thispaper, we introducetheIFT-watershed
fromgray scalemarker - a methodto computeat sametime, thereconstructionandtheclassicalwatershedtrans-
form of the reconstructedimage,without explicit computationof any regionalminima. Themethodis basedon
the Image ForestingTransform(IFT) - a unifiedandefficient approachto reduceimageprocessingproblemsto a
minimum-costpathforestproblemin a graph. As additionalcontributions,we demonstratethat (i) thecostmap
of the IFT-watershedfrom markersis identical to the outputof the superiorgray scalereconstruction;(ii) other
reconstructionalgorithmsarenot watersheds;and(iii) the proposedmethodachievescompetitive advantagesas
comparedto thecurrentclassicalwatershedapproach.

1 Intr oduction

We have developeda unifiedandefficient approach,called
image forestingtransform(IFT) [7], to reduceimagepro-
cessingproblemsto aminimum-costpathforestproblemin
agraph.TheIFT hasbeensuccessfullyappliedto boundary
tracking,watershedtransforms,morphologicalreconstruc-
tions, multi-scaleskeletonization,fast binary morpholog-
ical operations,multi-scaleshapefiltering, Euclideandis-
tancetransform,geodesicpathcomputation,multi-scalefrac-
tal dimension,andshaperepresentationby saliences[8, 6,
5, 11, 7]. In this paper, we proposea variantof the IFT-
watershedfrom markers[8], calledtheIFT-watershedfrom
grayscalemarker.

The classicalwatershedtransformof an input image�
usually createsan over-segmentedpartition, where the

catchmentbasinsareinfluencezonesof the regional min-
ima of

�
[2]. In orderto reducethe numberof catchment

basinsin the segmentation,we usuallyapply to
�

a mor-
phologicalreconstructionbeforethe watershedtransform.
In [8], weproposedtheIFT-watershedfrom markerswhich
computesthe watershed-from-markers transformwithout
requiringminimaimposition(seeFigure1). We presented
in [6], therelationbetweenwatershed-from-markerstrans-
form andmorphologicalreconstruction.In this paper, we
show that theproposedmethodcomputesat sametime the
morphologicalreconstructionand the classicalwatershed
transformof thereconstructedimage,withoutexplicit com-
putationof regionalminima(seeFigure2). Therearecom-

petitiveadvantagesof thisapproachascomparedto thecur-
rent classicalwatershedapproach.It is conceptuallysolid
with higher abstractionwhere the marker is specifiedby
a gray scaleimage,it is fasterandsimplerby combining
many stepsin a single algorithm, and it doesnot require
explicit computationof any regionalminima.
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Figure1: TheIFT-watershedfrom markersdoesnotrequire
minimaimposition.

We first review theIFT-watershed-from-markersalgo-
rithm (Section2) anddemonstratethatits costmapis iden-
tical to theoutputof the superiorreconstructionalgorithm
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Figure2: TheIFT-watershedfrom grayscalemarker com-
putesthereconstructionandthewatershedtransformof the
reconstructedimage,simultaneously.

(Section3). WethenintroducetheIFT-watershedfromgray
scalemarkerandits efficientalgorithmin Section4. In Sec-
tion 5, we give an illustrative exampleof the methodand,
in Section6, we demonstratewhy otherreconstructional-
gorithmsarenot watersheds.Theconclusionsarestatedin
Section7.

2 The IFT-Watershedfr om Mark ers

Many problemsin imageprocessingcanbe interpretedas
an imagepartition problembasedon a given set of root
pixels, whereeachroot definesan influencezoneconsist-
ing of the pixels thatare“more closelyconnected”to that
root thanto any other, in someappropriatesense.The im-
age forestingtransform(IFT) reducessuchproblemsto the
computationof a minimum-costpath forest in a directed
graphwhosenodesaretheimagepixelsandwhosearcsare
definedby anadjacencyrelation � betweenpixels.Wede-
noteby �	� 
�� the setof pixels adjacentto the pixel 
 (i.e.
its neighborsin thegraph).

Thecostof apathin thisgraphis determinedby asuit-
ablepath-costfunction  , which usuallydependson local
imagepropertiesalongthepath— suchascolor, gradient,
and pixel position. For suitablepath-costfunctions,one
canchoosethe minimum-costpathsso that their union is
anorientedforest,spanningthewholeimage.Thenodesof
agiventreein theforestareby definitiontheinfluencezone
of thecorrespondingroot.

The resultof the IFT is an annotatedimage, that as-
signsto eachpixel threeattributes: its predecessorin the
optimumpath,thecostof thatpath,andthecorresponding
root. Its solutionis usuallyobtainedin linear time andre-
quiresa variantof the Dijkstra/Moore/Dial’s shortest-path
algorithm[4, 10, 3].

In thisframework, thewatershed-from-markers[2] can
be computedby a singleIFT [8], without minima imposi-
tion, wherethelabeledmarkersarerootpixels.In thiscase,
therootmapcanbereplacedby thelabelmapwhichcorre-
spondsto thecatchmentbasins.Thepath-costfunction  �
is givenby: ��� ��
�� � 
�� � � � � � 
��������� ���! "$# % � 
�� � � % � 
�� � � � � � � % � 
�� � & if 
�� is a markerpixel')(

otherwise,
(1)

where
�* +,��-.�	� 
�* � and
% � 
�* � is thevalueof thepixel 
�*

in theimage
%
.

The watershedbasedon the IFT framework may be
simplifiedto thefollowing algorithm:

Algorithm 1 Watershedfrom markers using hierarchical
FIFO queue( /10)2 ).

INPUT 3 : input image,4
: labeledmarker image;

OUTPUT
4

: watershedcatchmentbasins;
AUXIL IARY 5 : costmap,initialized to infinity;

INITIAL IZATION

1. for all pixels
4�6 7 8:9;.<

2. 5 6 7 8�= 3 6 7 8 , insert
7

in >@?BA with cost 5 6 7 8 ;
PROPAGATION

3. while >@?BA notempty
4.

7C=
removefrom >@?BA ;

5. for each D�E�F 6 7 8
6. if 5 6 D 8,G1H�I J K 5 6 7 8 L 3 6 D 8 M
7. 5 6 D 8�=NH�I J K 5 6 7 8 L 3 6 D 8 M ;
8. Insert D in >@?BA with cost 5 6 D 8 ;
9.

4�6 7 8�=O4�6 D 8 P
Two points are worth discussingin the above algo-

rithm. Note that the pixels in the queueare never re-
evaluatedas requiredby the original Dijkstra/Moore/Dial
algorithm [4, 10, 3]. This was explainedin [8] and the
reasonis thatall the incidentarcsto a nodehave thesame
weight. Theotherparticularityof this algorithmis theuse
of a FIFO in the hierarchicalqueue. This is desirableif
onewantsto have the inclusionof a slight modificationof
thepath-costto make thecatchmentbasinboundariesbein
themedialline of plateausregionsin theimage.TheFIFO
propertyof thehierarchicalqueuecanbemodeledby a lex-
icographicpath-costfunctionaspointedout in [8].

3 Mor phologicalReconstruction

Morphologicalreconstructionis a powerful operatorin the
framework of mathematicalmorphology. It is thebuilding



block of connectedoperatordesign.In this paper, we will
be interestedin thesup-reconstruction,alsocalleddual re-
construction,which is relatedto the watershed.The gray
scalesup–reconstructionof image Q from marker image R ,R�STQ is givenby: U�V�W Q X:YTZ [\ ] ^ W R$X _ (2)

whereZ \ ] ^ W R$X:Y`Z ^ W R$X$a!Q is thegeodesicerosion,Z ^ W Q X
is the gray scaleerosionof Q by the structuringelementb

and a is thepointwisemaximumoperator. Thecompo-
sition c:d W Q X is the successive applicationof the operatore@f�g times: c W c W h h h W c W Q X X X X . Thesup-reconstructionis a
successivesequenceof erosionsof R by

b
, pointwisemax-

imum with Q until stability.
An importantproperty, provedin [12], is thatthesup-

reconstructionof Q from R is thesameassup-reconstruction
of Q from i V , wherei V is givenby:

i V�W j X:Y�k R W j X if

j
is regionalminimaof R ,l otherwise

h
(3)

The regional minima m of a gray scaleimageis the
largestconnectedcomponentof pixelswith samegrayscale
(plateau),suchthateveryneighborpixel of m hasastrictly
highervalue.Fig3 shows therelationshipbetweeni V andR .

R(J)

J

Figure3: Functionsi V and R .

Vincent[12] hasdescribedseveral morphologicalre-
constructionalgorithms.TheonebasedonaFIFOqueueis
shown below.

Algorithm 2 Grayscalereconstructionusinga queue.

INPUT n : grayscalemaskimage,o
: grayscalemarker image,

o�p n ;
OUTPUT

o
: sup-reconstructionof n from

o
INITIAL IZATION

1. Computeq:r�s t u byEq.3;
2. Insertthepixelsin theregional minimaof

o
in queue;

PROPAGATION

3. while queuenotempty
4. tCv removefromqueue;

5. for each w�x�y�s t u
6. if

o s w u,z o s t u and n s w u:{| o s w u
7.

o s w u$vN}�~ � � o s t u � n s w u � ;
8. Insert w in queue;

Note that algorithms1 and 2 are very similar. We
claimthatthecostmap� of algorithm1 is thesup-reconstruction
of Q from any grayscalemarker function R suchthat:i V�W j X:Y k Q W j X if � W j X��Y`� _l otherwise

h
(4)

We canstate:

Proposition1 The cost map � in the algorithm 1 is the
morphological reconstructionof Q from anymarker imageR such that R	STQ and i V is givenbyEq.4.(SeeFig. 4

��
�� � ��

��
I

J2

J1

R

Figure4: FunctionsQ , i V andtwo possiblesR : R g , R$� .
Prove1 Both initialization algorithmsare equivalent,the
pixelsthatareinsertedin thequeuearetheregionalminima
of R . In thewatershed,theinsertedpixelshavevalue Q W j X
at themarkers. Theothers pixelsnot insertedin thequeue
havecostinfinity. So,bothregional minimaare equivalent
and insertedin the queue. According to Vincent[12], the
propagationorderof thepixelsdoesnotmatterin therecon-
struction.Therefore, wecanreplacetheFIFO in algorithm
2 by theHFQ of algorithm1.

Line 6 of algorithm2 mayberewritten as: If R W � XC�R W j X and Q W � X	��R W � X , since R�S�Q . So R W � X mustbe
greaterthan R W j X andgreaterthan Q W � X , which is equiva-
lent to line 6 of algorithm 1, where � playsthe role of R .

The consequenceof this fact is that the morphologi-
cal reconstruction,whenimplementedby theHFQ, cansi-
multaneouslyoutputtheresultof thereconstructionandthe



catchmentbasinsof � that were propagatedfrom the re-
gionalminimaof themarker � . In theIFT framework, the
outputof the reconstructionis given by the costmapand
thewatershedcatchmentbasinsby therootmap.Thisresult
is not new, aswe have presentedin [8] that the maximum
cost function of the IFT-watershedfrom markers intrinsi-
cally includestheminima imposition,andrecently, andin
moredetail,with practicalillustrativeexamples,weshowed
that the watershed-from-markers and the superiorrecon-
structionareobtainedat thesametime by a singleIFT [6].
Here we prove this result by reducingthe algorithm 1 to
algorithm2.

A more importantconsequenceof the above conclu-
sionis thatwecanshow thatthemorphologicalreconstruc-
tion of � from � , �@�`� , canbemodeledasthecostmapof
anIFT, wherethepath-costfunction � � is givenby:

� � � �1��� � ��� �       � ��¡�¢B£:¤.¥1¦ §�¨ ��� ��� £ � � � ��� £ �       � ��� ��¡ £ ©  
(5)

Note that ��� ��£ is the initial costof any pathstarting
at � and all pixels � are root candidates(we usually call
themseedpixels). Sucha marker function canbe seenas
an initial restrictionon the maximumpathcost. However,
sincethecostof a pathfrom a pixel � to a pixel ª maybe
lessthan ��� ª £ , only somecandidatepixels will remainas
root pixels in the minimal-costpathforest. Moreover, we
wish to usethis formulationto computesimultaneouslythe
morphologicalreconstructionandthewatershedtransform,
without explicit computationof any regionalminima. This
is addressednext.

4 The IFT-WatershedFrom Gray ScaleMark er

BeforepresentingtheIFT-watershedfromgrayscalemarker
we will introducea further improvementof this algorithm
by avoiding the explicit regional minima detectionof the
markerfunction,which is normallyusedto insertthepixels
in theHFQ in theinitialization phaseof theIFT algorithm.
This is alsoa contributionof thework thatis not published
elsewhere.

The IFT-watershed from gray scalemarker hasthe
sameinput asthe morphologicalsup–reconstruction:� as
the imageand � as the marker, both gray scaleimages.
Whentheregionalminimaof � is composedof morethan
onepixel, which is often the case,we would like to have
only oneroot pixel for eachregionalminima. We propose
anefficientvariationof theIFT algorithmto makethishap-
pen. In the initialization step,we set the initial root map
suchthat all pixels arecandidateroot pixels ( «�� ��£�¤�� ).
We insertall pixels in the HFQ with the initial costgiven
by �)¬� . Theadditionof oneto theinitial costis theessen-
tial partof thetechnique.Whenapixel is removedfrom the
HFQandis arootpixel, it meansit is thefirst of its regional

minima(calledrepresentative),andassuch,its costis cor-
rectedby subtractingoneto it. Its neighborsbelongingto
the sameregional minima will have their costupdatedin
theHFQ andwill have their root mappointedto therepre-
sentative of the regionalminima. Thetechniqueof adding
onemakesthebehavior of plateausbedealtcorrectlyin the
FIFO propertyof the HFQ as all pixels in the HFQ will
beupdatedasthey wereinsertedwith a higherinitial cost.
Thisremoval andreinsertionin theHFQfor everypixel ex-
ceptthe representative oneof eachregionalminima is the
priceto payfor not computingtheregionalminimaexplic-
itly. Whenthe HQF is implementedefficiently, it is well
worthadoptingtheapproachjust described.

The IFT-watershedfrom grayscalemarker algorithm
is presentedbelow.

Algorithm 3 IFT-watershedfromgrayscalemarker

INPUT ® : gray scaleinput image,¯
: gray scalemarker image,

¯@° ® ;
OUTPUT

¯
: reconstructionof ® from

¯
,±

: catchmentbasinsof thewatershed;

INITIAL IZATION

1. for all pixels
±)² ³ ´�µ¶³

2. Insertall pixels
³

in ·@¸B¹ with cost
¯$² ³ ´$µ�¯$² ³ ´ º	»

;

PROPAGATION

3. while queuenotempty
4.

³Cµ
removefrom ·@¸B¹ ;

5. if
±)² ³ ´�¼1³

then
¯$² ³ ´$µ�¯�² ³ ´�½�»

;
6. for each ¾�¿�À ² ³ ´
7. if

¯�² ¾ ´,Á1Â�Ã Ä Å ¯�² ³ ´ Æ ® ² ¾ ´ Ç
8.

¯$² ¾ ´$µNÂ�Ã Ä Å ¯$² ³ ´ Æ ® ² ¾ ´ Ç ;
9.

±)² ¾ ´$µO±�² ³ ´ ;
10. Remove ¾ fromthe ·@¸B¹ ;
11. Insert ¾ in the ·@¸B¹ with cost

¯$² ¾ ´ ;
5 Illustrati veExample

We illustratea simpleexampleof usingtheIFT-watershed
from grayscalemarker.

Fig. 5 shows theoriginal imageÈ . Theimageis pre-
processedby thegrayscaleareaopento remove thewhite
peaksin the middleof eachcell. The resultantimage � is
shown in Fig 6. Fig. 7 shows the resultof the watershed
linesof IFT-watershedof image� from agrayscalemarker
obtainedby adding38to theimage� , superposedonthein-
put imageÈ . Theclassicalwayof doingthiswouldbefirst
computingimage � � asa reconstructionof � from ��¬`É Ê
(h-minima)andthencomputingthewatershedtransformof� � . Thisfilter h-minimafilter removesany regionalminima
with depthsmallerthan ËÌ¤ÍÉ Ê . The classicalapproach
tookapproximately0.25s to processa Î Ï Ð�Ñ�Î Ï Ð imageon



a 1GHz Pentiumand0.15s to computethe combinedre-
constructionandwatershedusingthe IFT-watershedfrom
grayscalemarker.

Figure5: Image Ò : original image.

Figure6: ImageÓ : grayscaleareaopenof Ò .

6 Why Other ReconstructionAlgorithms Ar eNot Wa-
tersheds

UsingtheIFT framework, wehaveshown thatthemorpho-
logical reconstructionof Ó from Ô , with Ó!Õ¶Ô , is thecost
mapof a minimal-costpathforestwith thepath-costfunc-
tion Ö × givenby Eq.5.

One of the simplestand generalshortestpath algo-
rithms is the oneintroducedby Berge [1], which wasde-
signedfor theclassicaldistancepath-costfunction Ö Ø Ù Ú :

Figure7: Watershedlines of the IFT-watershedof Ó from
grayscalemarker Ó)Û	Ü Ý superposedon theoriginal imageÒ .

Ö Ø Ù ÚCÞ ß�à�á â à�ã â ä ä ä â à�å�æBç:èéÔ�Þ à�á ç�Û1Ó Þ à�ã ç Û	ä ä ä Û1Ó Þ à�å ç ä
(6)

Berge’s algorithmis basedon a repetitionuntil stabil-
ity of thefollowing situationthatmustbetruein theshort-
estpathsolution. For any two neighboringnodes,Ô�Þ ê çCÕÔ�Þ à�ç�Û.Ó�Þ ê ç . Sothis algorithmis a repetitionin any scan-
ningorderof neighboringpixelsof theaboverelation.This
algorithmcanalsocomputetheroot mapof theforestpar-
titioning.

Algorithm 4 Berge shortestpath.

INITIAL IZATIONë�ì í î�ï¶í
;

repeatuntil stability, usinganyscanningorder
if ð ì ñ î,ò ð ì í î ó1ô ì ñ î õ ñ�ö@÷!ì í îð ì ñ î$ï ð ì í î ó1ô ì ñ î ;ë)ì ñ î$ïOë�ì í î

;

For thereconstructionalgorithm,we have shown that
thepath-costfunctionis givenby Ö × which is basedon the
maximumpixel valuein the path. Interestinglyis the fact
that the Bergealgorithmin this casecancomputethe cost
mapcorrectly, but not therootmap.

Rewriting theBergealgorithmusingthepath-costfunc-
tion Ö × andcomputingonly thecostmap,we arrivedat the
following algorithm.



Algorithm 5 Bergeminimal-costpathwith ø ù .
INITIAL IZATIONú�û ü ý�þ¶ü

;

repeatuntil stability, usinganyscanningorder
if ÿ û � ý������ � � ÿ û ü ý 	 
 û � ý � 	 �����û ü ýÿ û � ý$þ���� � � ÿ û ü ý 	 
 û � ý � ;

which is themorphologicalreconstructionreportedby Vin-
cent [12] whenthe pixels canbe updatedin any scanning
order.

Unfortunately, it is notpossibleto incorporatetheroot
map updatingin the Berge algorithm, as we demonstrate
by a simpleillustrative example.Supposewe have a small
numericimageillustratedin Fig. 8a. The imagehastwo
valleysandeachonehasa non-infinitymarkerpixel with a
small dot anda small squarebelow the pixel value,in the
figure. If we scanthe pixels in rasterorder, for right and
down neighborsusingtheBergealgorithm,theresultof the
first scanis presentedin Fig. 8b. After theanti-rasterscan
order (left and up neighbors),note that the two top-right
pixelswith values5 and7 remainedrootedat the squared
dot marker, astheir costarecorrectalreadyafterfirst scan.
Only the scanningorder of the hierarchicalqueuepropa-
gatestheroot in theincreasingpath-costorderandassuch
canguaranteetherootmapin thepath-costfunction ø ù .

�������������
������� "!�#

$ %'&

(�)�*�+",�-�.
/�01�2�3"4�5

6 7�8

9�:�;�<�=�>�?
@�AB�C�D"E�F

G H�I

Figure8: Berge algorithmsarenot watersheds:(a) initial
image two markers; (b) rasterscanright-down; (c) anti-
rasterleft-up.

It is possibleto computethewatershedtransformalgo-
rithm usingtheBergealgorithmonly if thepath-costfunc-
tion is in theform of adistancefunctionof type ø J K L . This
is exactly thecasepresentedby Meyer in [9] with thedefi-
nition of thetopographicdistance.

In summary, themorphologicalreconstructionandthe
watershedtransformarewell explainedby theminimal-cost
pathforestusingthe ø ù path-costfunction. The Dijkstra /
Moore/ Dial shortestpathalgorithmcancomputethecost
map(reconstruction)and the root map(watershed)of the
minimal-costpathforest.TheBergealgorithmusingthe ø ù
path-costfunction canonly computethe costmap(recon-
struction).This latteralgorithmbelongsto theclassof the
parallelreconstructionalgorithms.If it is desirableto com-
pute the watershedusing the Berge algorithm becauseof
its suitability to hardwareimplementation,thetopographic
distancemustbeused.

7 Conclusionsand Comments

In this paper, we have shown several results. Previously
we have pointedthat the morphologicalreconstructional-
gorithmbasedonthehierarchicalqueueis alsoawatershed
transformation[6]. In this work, we have demonstrated
this result by showing the equivalenceof the morpholog-
ical reconstructionalgorithmusinga FIFO queueandthe
costmapof theIFT-watershed-from-markersalgorithm.

We haveconsolidatetheimportanceof theIFT frame-
work, where the image is modeledby a graph and the
minimal-costpathforestiscomputedresultingin threemaps:
cost,root, andpredecessormaps.In this context, themor-
phologicalreconstructionis thecostmapof aminimal-cost
pathforestusingthepath-costa function ø ù M NPO of themax-
imum pixel valuesin the path and the pixel value of the
gray scalemarker function at N . We have shown that the
Bergeshortestpathalgorithmworksfor thecomputationof
the minimal path-cost(reconstruction),but doesnot work
for thecomputationof therootmap(catchmentbasins),for
this kind of path-cost.This is the reasonwhy nonordered
queuebasedreconstructionalgorithmsarenot watersheds.

WehaveintroducedtheIFT-watershedfrom grayscale
marker which is a new conceptwherethewatershedis not
computedfrom a set of labeledmarkers but from a gray
scalefunction. This conceptputs togetherseveral steps
usedin classicalwatershedbasedsegmentationstrategies
in a singlealgorithm.

WehavepresentedanefficientIFT-watershedfromgray
scalemarkeralgorithmwhichcomputessimultaneouslythe
watershedand the sup-reconstructionand avoids the ex-
plicit computationof the regional minima of the marker
function.
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