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Abstract. This paper presents a new scheme for subdivision surfaces that is based on four-directional meshes. It
combines geometry-sensitive refinement with convolution smoothing. The scheme has a simple, efficient imple-
mentation and generates well-shaped meshes which converge to smooth surfaces.
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1 Introduction In the 1-dimensional setting (i.e. curves), these two
0]operations are relatively simple to define, but in the 2-
I- dimensional setting (i.e. surfaces), their definition is a lot
more complex. This is because, while in 1D a discrete local
eighborhood is always an interval, in 2D discrete neigh-
orhoods depend on the topological structure of the under-
lying polygonal mesh.

Before going into more details, let's give some defini-

ons:

The first order neighborhood N;(v), (or 1-
neighborhood) of a vertew in a mesh, consists of
the set of vertices; that share a face with. Higher order

|neighborhoods (or k-neighborhoods) are obtained from
N, (v), by adding all 1-neighborhoods of the neighbors
v; € Ni(v), and so on.

In a triangular mesh, the 1-neighborhood of a vertex
v consists of the vertices; linked tov by an edge. The
set of edges incident to a vertexis calledstar of v. In
a triangular mesh, there is a correspondence between the

In recent years subdivision surfaces have become one
the most important mathematical tools for shape mode
ing. Subdivision surfaces provide a natural generalization
of spline surfaces with several advantages: they can handl
control meshes of arbitrary topology; they guarantee global
surface smoothness while making possible the control of lo-
cal features; they effectively bridge the gap between contin- .
uous models and discrete representations; and, lastly, the
are associated with efficient algorithms that are simple to
implement. Another important point is that subdivision is
intimately related with multiresolution and wavelets. This
is the key to scalability and adaptation, two fundamental
properties for dealing with complex shapes in a modeling
system.

The power of a subdivision surface model lies in the
quality of the underlying limit surface, as well as, in the
applicability of the associated computational scheme. The
various types of subdivision surfaces offer different com- i
promises between these two aspects. In this paper, Wel-nelghborhood and the star ofavertex'.
present a new type of subdivision surface that achieves a Th.e yalence(or c'iegr'ee of a vertex is the.number of
good balance of features. It is another addition to the exist-edges in its star (which in a triangular mesh is the number

; : ; f 1-neighbors).
toire of shape d tools. 0 or o .
Ing repertoire ot shape design tools Subdivision schemes can be classified according to

the mesh structure, as well as, the type of refinement and

1.1 Basic Concepts smoothing operators employed.

A subdivision surfaces defined as the limit surface when a The mesh structure can begularorirregular. A reg-

subdivision schemis applied to acontrol polyhedron Re- ular mesh is isomorphic to some uniform tiling of the plane

peated subdivision refines the polyhedral shape, which condy regular polygons. The possible cases are: equilateral

verges to a piecewise continuous smooth surface. triangles; squares; and hexagons. In a regular mesh, all ver-
A subdivision scheme is composed of two basic oper- tices have the same valence (6 for triangular meshes and

ations: 4 for rectangular meshes). A irregular mesh is an affine

cell complex. A vertex whose valence adheres to the cor-
¢ refinement changes the topology of the polygonal responding regular case is calledlinary, otherwise it is
mesh by introducing new vertices, edges and faces. Ascalledextraordinary Note that regular meshes cannot rep-
a consequence, mesh density increases. resent shapes of arbitrary topology.
) The refinement operator can applypemal or dual
» smoothing changes the geometry of the polygonal gecomposition method. In the primal decomposition a face
surface by modifying the coordinate values of its ver- 5 sypdivided by splitting its edges and reconnecting them.

tices. The end effectis an improvement of local shape The old mesh is contained in the new one. In the dual de-
regularity.



composition new vertices are created inside the faces andL.2 Previous Work
connected across the edges to construct a dual mesh. Th
old mesh is discarded. The connectivity graph for mesh re-
finement can be described bgabdivision template

The smoothing operator computes the new position of
a vertex as a function of its neighbors. This function is a
low-pass filter, and is usually linear (but can be non-linear).
Also, it can beuniform or non-uniform?. In the uniform
setting, a fixed rule for each type of neighborhood is ap-
plied throughout the mesh. The filter coefficients relative
to different neighborhood types are usually indicated by a
stencil(or mash. In a non-uniform setting, the rule mini-
mizes some measure of the curvature subject to additiona
constraints. The function is determined by an energy func-
tional defined over the entire mesh. Thus, this method is
calledvariational.

Depending on the constraints imposed on the smooth-
ing operator, the subdivision scheme carapproximating
orinterpolating

An important issue concerning subdivision surfaces is

; . L gular meshes.
the analysis of convergence of a given subdivision scheme.

. . All the schemes mentioned so far result in surfaces that
This is paramount to characterize the smoothness of the . | d -
limit surface. approximate a control net. Dyn, Gregory and Levin [6],

. . designed the “Butterfly” scheme for interpolatiay sur-
For schemes on regular meshes, is often possible to ob- : .

. ) . . faces based on triangular meshes. Kobbelt [10] described a
tain an expression of the continuous surface in closed form.

. T I interpolating scheme for rilateral meshes with ar-
ForschemesonwregularmeshesusmgflxedtemplateC terpolating scheme for quadrilateral meshes with a

and stencils, it is possible to employ the notion ofs'[ationarysoItrary tgpology. dv of th f subdivisi

subdivision. A subdivision scheme is callstationary[3] A rigorous study of the cohvergence of subdivision
S . schemes based on the characteristic map was proposed by

when the refinement operator does not change the neigh-

borhood structure of a vertex and the smoothing operator isRe"c [17]. . . . .
. ; . The stationary subdivision methods cited above still
a linear function uniform over the mesh.

: L o have a number of shortcomings. Variational subdivision
Under stationary subdivision, for every vertexit is h h limitati This i
ossible to find a matri¥, calledsubdivision matrixthat schemes attempt to overcome such fimitations. This issue
P : L ' : have been addressed by Kobbelt [11] and by Warren [20].
maps the coordinate valugg = p'(v;) of a neighbor-

hoodN; (v) of v at leveli into an isomorphic neighborhood
N/ (v) atleveli + 1, i.e.,pi*t = Spi, i > 0. 1.3 Contribution
The action of the subdivision scheme is encoded in the
subdivision matrices, and the eigenvaluesSofeveal the
surface regularity at. In short, if the eigenvectors of
form a basis, and its eigenvalues satidfy= 1 > A\ >
A2 > |Anl, with m > 2, then the limit surface is of class
C', provided that thecharacteristic magnduced bysS is
regular and injective [17].

Eubdivision surfaces started as a generalization of uniform
splines. The very idea of a subdivision scheme draws upon
knot insertiortechniques [13], and have its roots on the “De
Boor” algorithm [1]. Therefore, tensor product b-splines
and box splines can be viewed as a special case of subdivi-
sion surfaces on regular meshes [4].

Nonetheless, the beginning of the field is identified
with the development of the first subdivision surfaces for ir-
regular meshes. Catmull and Clark [2], and Doo and Sabin
[5], generalized bicubic and biquadratic B-splines, respec-
tively, to rectangular meshes with irregularities. Later,

oop [15], created a generalization of quartic 3-direction
Box splines to arbitrary triangular meshes. Hoppe, De
Rose, et al. [9], proposed an extension of the Loop scheme
for piecewiseC' surfaces. Peters and Reif [16] intro-
duced schemes that generalize quadratic 4-direction Box
splines on irregular rectangular meshes. Taubin [19] pro-
posed a non-shrinking filtering method for arbitrary trian-

We remark that, although the refinement and smoothing op-
erators of a subdivision scheme have been considered sep-
arately in our discussion, there is a strong interdependency
between these two operators. This is due to the fact that
the refinement operator constructs the neighborhood struc-
ture where the smoothing operator is applied. For regu-

For irregular meshes using variable templates or s’[en-ltar me_shrt]as, tL"S |gtetrde?end.ent<;1y 'S not so releva;]nt becau_se
cils (e.g. non-stationary subdivision), convergence analy- he ;Fgg ornoo IS ruc ureols he sart]mehev%ry}/v ere, als n
sis is still an open question. The characterization of sucht e 1-dimensional setting. On the other hand, for irregular

schemes is difficult because it strongly depends on themeshes this interdependency must be taken into account in
topology of the mesh at every level of refinement. the design of a subdivision scheme, so that convergence to

a smooth surface is guaranteed.

Convolution schemes that generalize Box splines em-
ploy carefully designed smoothing rules which depend
on the local neighborhood structure of a vertex. Varia-

1The termuniform here means that the smoothing function depends tional schemes on irregular meshes employ a smoothing en-

only on the local neighborhood structure, but not on the coordinate values €'9Y funCtional which depends on the global neighborhood
of a vertex. structure and its geometry.




It is interesting to note that, in all existing schemes,
most of the effort was concentrated on the design of the
smoothing operator. In fact, almost all of them adopt the

same standard refinement operators. One characteristic of
these refinement operators is that they do not depend on the

geometry of the net.
In this paper we describe a new subdivision scheme

that uses a geometry-sensitive refinement operator in con-

junction with a linear smoothing operator. Our scheme in-
duces a quasi-stationary subdivision. It has a simple imple-

mentation and generates smooth surfaces that approximate

the initial control mesh.

2 Background
Before going into the details of our subdivision scheme and

its operators, we provide some background on the mesh 3.

structure adopted for surface representation.

2.1 4-8 Meshes

A 4-8 meslhis a triangular mesh which has only vertices
of valence 4 and 8. More formally, a 4-8 mesh is a 2D
simplicial complexK = (V,E, F), whereV, E and F’
are respectively the sets of vertices, edges and facas of
MoreoverV is divided into two classels = V,UVs, where

Vi = {v;deg(v) = 4}, andVz = {v; deg(v) = 8}.

A regular 4-8 mesiks a homogeneous simplicial com-
plex in which the 1-neighborhood of every internal vertex
of valence 4 has only neighbors of valence 8, and the 1-
neighborhood of every internal vertex of valence 8 consists
of a ring of vertices with alternating valences 4 and 8. (See
Figure 1)

Figure 1: Regular 4-8 mesh:- valence 4p - valence 8.

Note that in a regular 4-8 mesh, every internal face
is formed by linking two vertices of valence 8 with one of
vertex valence 4.

2.2 Refinement of 4-8 Meshes

A refinement operatoffor a regular 4-8 meshy
(V, E, F) is defined by the following procedure:

1. Split all edges = (v,w) € E by inserting asplit
vertexs,,, € V', and connecting it to the endpoints
v,w € V ofe. Thatis,e — {e,, ey}, Wheree, =
(v, Spw), €w = (Spw, w), @ande,, e, € E'.

2. Subdivide all facesf € F' into four new faces
by linking the vertex of degree 44 € Vj, to the
split point s,,,, of the opposite edge, and linking,,
to the split pointss,, and s,, of the remaining
edges. Thatisf — {fw, fuw, fuv, fv}, Wheref =
(uavaw)a fw = (waswuasvw)r fuw = (uasvwaswu)r

uv (U:Suvasvw)a fU (Uasvwasuv)r and
’LU)fU’LU,fUU,f’U E Fl'
(The regularity property ensures that is possible to
chooseu € Vy, andv,w € V3.)

Update the complexy’’ — K,
whereK' = (VUV', E' F").

The subdivision template corresponding to this proce-

dure is illustrated in Figure 2.

éV

Suv

Figure 2: Subdivision template for 4-8 mesh.

Itis easy to see that the above refinement operator pre-
serves the 4-8 mesh regularity. After one refinement step,
new vertices of valence 4 are inserted, old vertices of va-
lence 4 change to valence 8, and old vertices of valence 8
remain unchanged. Therefore, the 1-neighborhood struc-
ture of valence 8 vertices is invariant under this operator.

An important property of this refinement operator is
that it can be decomposed into two interleaved refinement
sequences. This will be useful for the development of our
quasi 4-8 refinement algorithm. The operator decomposi-
tion is as follows: the quaternary subdivision performed in
one refinement step is replaced by nested binary subdivi-
sions performed in two subsequent steps.

The interleaved refinement procedure is very similar
to the normal one. The difference is that step 1 splits only
edges connecting valence 8 vertices, and step 2 subdivides
faces in two, accordingly. The regularity of the mesh guar-
antees that just one edge bisects in each face. Figure 3 com-
pares the normal and interleaved refinement procedures.



been used for rendering terrain models with variable level
of detail by Lindstron et al. [14] and Kirkpatrick et al.[7].
The sequence of refined meshes is known in the GIS com-

( » munity ashierarchy of right triangles
3 The Scheme
In this section we describe the basic operation of our sub-
(\ ') division scheme and sketch an analysis of its convergence

properties.

Figure 3: Normal and interleaved 4—8 refinement. As we have seen 4—-8 meshes posses very nice properties
but, unfortunately they cannot represent surfaces of arbi-
trary topology. This motivates us to look for a generaliza-
tion of 4-8 meshes.

A quasi 4-8 mesh is a simplicial complex which has

3.1 Refinement

2.3 Planar 4-8 Meshes

The quincunxlattice is the set of point§ = {Mz;z € mostly vertices of valence 4 and 8, except for isolated ver-
Z x Z.},where tices with some other valence. These verticeseateaor-
dinary.
M= (1 1 > Obviously, the above characterization is only applica-
L 1 ble to dense meshes. In fact, the real interest is to find

a method to generate dense meshes with these properties
from coarse meshes. This is our first goal.

A quasi 4-8 refinement operatizra transformation on
plicial complexes embeddediitt, such that its iterated
' application to an initial arbitrary (coarse) mesh will produce

a quasi 4-8 mesh.

We now present an algorithm that implements this op-
erator.

is thequincunx matrix

A uniform 4-8 mesh is a planar embedding of a 4—
8 mesh in which the vertices of valence 4 and 8 belong,Sim
respectively, to two interleaved quincunx lattices. That is
v €Vs = plv) € Q andv € V; = pv) € Q1 =
{(1,0) + Mz;z € Z X Z}.

Note that a uniform 4-8 mesh is regular, the main dif-
ference is that a regular 4—-8 mesh is a topological complex,
while the uniform 4-8 mesh has also a geometric realiza- Algorithm 1 :  quasi_4—8_refinement (k)
tion on the plane. sort_edges (E)

Uniform 4-8 meshes are also known as four-direction  ¢;5ra, € E in priority queue)
meshes. These meshes are closely related with the 4 di- while Q # 0 do
rection Box splines [21], that are generated from the set

30X gete from @
of four direction vectorde;, es,e; + es,e; — e2}, Where if e not markedhen
e1 = (1,0) andes = (0, 1). split (e)

Since a uniform 4-8 mesh is regular, it can be refined mark_cluster (e)
using the same procedures described in subsection 2.2. On forall f € F do
the other hand, the fact that a uniform mesh is embedded in subdiv (f)
R?, makes it possible to exploit a geometric component in
the design of the refinement operator. Note that the topo-
logical criteria for edge bisection can be replaced by a ge-
ometric criteria. A uniform 4-8 mesh has edges of length The routinesort_edges, sorts edges by decreasing
1 (horizontal and vertical), ang/2 (diagonals). Thus, in  length and radially around each vertex. The routine
the case of uniform 4-8 meshes, it is easy to verify that anmark_cluster of edgee, markse and the edges sharing a
interleaved refinement procedure which splits kiegest face withe. This is illustrated in Figure 4. The routine
edges would produce the same results as the one using theubdiv, performs a binary decomposition of a face by link-
topological criteria (i.e. edges with vertices of valence 8). ing the split point of its longest edge to the opposite vertex.
This observation will be crucial in the design of our quasi (See Figure 4.)
4-8 refinement operator. Note that, the longest side bisection gives the best as-
The geometry based refinement of four direction pect ratio of the triangles in a binary subdivision [18]. Also,
meshes gives a very powerful multiresolution structure edge cluster marking ensures that, at most, one edge in each
which has been exploited in many application areas. It hasfaces splits.
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Figure 4: Cluster marking and subdivision.

The above remarks indicate that algorithm 1 produces
a simplicial complex with compatible geometry. Now, it
remains to be shown that the algorithm defines a quasi 4—8
refinement operator. Because the refinement procedure is
geometry sensitive, the analysis also depends on the action
of the smoothing operator. Consequently, we will postpone
the discussion to the end of this section. The stencil for an ordinary old vertex of valencés
a direct generalization of the above filter, and it is depicted
in Figure 7.

Figure 6: Filter mask for regular old vertex of valence 8.

3.2 Smoothing

After the application of the refinement operator to the com-
plex K, the set of vertice¥” of K, can be naturally divided
into two classes: newly inserted vertice$, € V', which

we will call new verticesand previously existing vertices,

v € V, which we will call old vertices

The smoothing operator is a convolution filter. It uses
a different smoothing rule for each class of vertices.

The stencil for new vertices is depicted in Figure 5.
Recall that the 1-neighborhood of internal new vertices,
by construction, consists of exactly 4 vertices. The filter
function is an average of the coordinate values of these 1-
neighbors.

Figure 7: Filter mask for old vertex of valence n.

The smoothing operator can be implemented very ef-
ficiently using a cascade convolution technique.
First, filtering is applied to new vertices:

for v; € V' do

1
. . ey =7 X P
Figure 5: Filter mask for new vertex. v; €Ny (V)

Then, filtering is applied to old vertices using new ver-
tices:

for v; € V do

The stencil for ordinary old vertices of valence 8 is
depicted in Figure 6. Observe that the filter kernel extends 11 1, 1
beyond the first neighbors of the vertex. Actually, the end P (v) = 9P (vi) + m Z p
effectis like using the 1-neighborhood structure of a quadri- viEN1(vi)NV!
lateral mesh. Note also that this smoothing filter produceswheren is the number of new vertices iV (v;).
less shrinking than a gaussian filter, because more weightis  This scheduling makes it possible to execute all the
put on the central vertex [19]. computations “in-place”. Figure 8 illustrates the process.

o)



% 0 Consider a regulat-sided polygonB € R?, inscribed
\\.:/\\.f/ in the unit circle. Triangulatd? by connecting its vertices
/’ \/’ ‘\ N |/ biyi =1,...,n,t0 the center. Let's gnalyze _the behavior
/ P& of the subdivision algorithm on this triangulation.
\\ ,/ \V Whenn < 6, the length of the boundary edges is
™, 7% greater than the length of the internal edges. Thus, the al-
(/ \ / \O gorithm splits all boundary edges and the valenasf the
central vertex become.
Figure 8: Computation flow of cascade convolution. Whenn > 6, the length of the internal edges is greater

than the length of the boundary edges. Thus, it is possible
to pick a sequence of internal edges such thatternating
) . o edges split. If: is even, these will be the only vertices that
3.3 Quasi-Stationary Subdivision split and the valence of the central vertex remains the same.
The combination of refinement and smoothing described in (See Figure 12(a).) Ih is odd, one boundary edge also
this section leads to a subdivision scheme in which thesesplits and the valence of the central vertex increases by 1.
two aspects are well integrated. The refinement operator is(See Figure 12(c).)
sensitive to geometry and produces a neighborhood struc-  After the first subdivision step; > 6, and is even.
ture suitable for filtering. The smoothing operator relaxes Therefore, we only need to investigate this case in the rest
the mesh making it better for subdivision. We conjecture of the analysis. But, since subdivision is based on geometry,
that this subdivision scheme igiasi-stationary We also we also have to take into account the effect of smoothing.
have strong indications that the scheme generates limit surWe will focus on two adjacent triangleée, b?,09_,) and
faces of clas€. (0,b9,,,b?), whose common edge, tY) splits. (See Fig-
In order to prove quasi-stationarity agt continuity ~ ure 9.) The first subdivision step inserts vertgx which
there are, essentially, three conditions to verify: First, that after smoothing will be the average of its four neighbors,
algorithm 1 is indeed a refinement operator; Second, thatb; = (o + b_; +b? +bY, ;). In the second subdivision

the refinement is quasi-stationary; and finally, its conver- Step, edgeéo, b?_,) and(o,b?, ;) are longer and will split.
gence properties. As the process continues, by the very nature of the

We will not give a complete proof in this paper. In- geometric criteria, subdivision occurs radially around the
stead, we will elaborate on some of the arguments thatcentral vertexo. The verticed introduced at subdivision
could lead to a formal demonstration. steps;j = 0,... , 00, approacty in geometric progression,

The main condition imposed on a refinement opera- @s shown in Figure 9.
tor is that its action increases the mesh density everywhere.

This means that, for primal subdivision, all edges of the

mesh at any given level must splitin a small number of iter- b.0

ations. It is not difficult to verify that algorithm 1 satisfies i
such condition, since it splits edges based on their length.

Quasi-stationarity is more delicate to verify. We have
to show that the refinement operator obey the following re-
strictions:

bO

i+1
1. newly inserted vertices have valence 4. ) .

Figure 9: Convergence of a vertex under 4-8 subdivision.
2. old vertices of valence 4 change to valence 8.

3. old vertices of valence 8 do not change. . o
The arguments just presented suggest that our subdivi-

4. vertices of any other valence change little. sion scheme is quasi 4—8 stationary. We are currently study-

- , _ing the convergence properties of the method and hope to
Restrictions 1 to 3 guarantee that vertices created d“”ngshow that it produces’! surfaces.

refinement are ordinary. Restriction 4 is admittedly vague,
but it captures the idea that extraordinary vertices of the
input mesh have a predictable neighborhood structure.
In order to continue the discussion, we will concen- 4 Examples
trate on planar subdivision. This is justified since, under
smoothing, the geometry of the refined net becomes locallyIn this section, we give some examples of surfaces gener-
flat. ated with our subdivision scheme.



4.1 N-Regular Neighborhoods The second example is a genus 1 surface. The control
mesh, shown in Figure 14(a), is a coarse approximation of
a torus. The polygonal mesh after four subdivision steps is
shown in Figure 14(b). Note that the mesh is 4-8 regular
(i.e. it does not have extraordinary vertices). Note also that
the resulting surface gives a good piecewise linear approxi-
mation of the torus.

The following examples illustrate more concretely the dis-
cussion in the previous section.

Figure 10 show the subdivision of regular planar poly-
gons with 3 to 6 sides. This is the first case in subsec-
tion 3.3. Note that fom = 2,3, and4, the central ver-
tex has valenc@n, as predicted by our analysis. Note also
that, except for boundary vertices, all other vertices are or-
dinary and structured according to a regular 4-8 pattern.4-3 Feature Control
For the regular hexagon, which is the limit case, a small The next example demonstrates the result of incorporating
perturbation was added to the initial vertices of the poly- control of shape features in the subdivision scheme. It also
gon in Figure 10(d). As a consequence, the valence of theshows the treatment of surfaces with boundary.
central vertex remained unchanged. Observe that the algo-  Boundary vertices are constrained to move along the
rithm constructed the same subdivision as in the triangle of surface normal direction.

Figure 10(a). As in other schemes we employ a tagged mesh for con-

Figure 11 reveals how the algorithm behaves in the trolling features. Currently, we have implemented only the
case of a non-regular initial triangulation. The input mesh, simplest kind of control mechanism, in which a tagged ver-
shown in Figure 11(a) is the 6-regular triangulation of Fig- tex or edge is not affected by smoothing. We plan to further
ure 10(d), but warped such that the horizontal internal edgesinvestigate this issue, and experiment with different types
have a 1:2 length ratio. Note that, because the subdivisionof context sensitive smoothing filters.
is based on geometry, the final triangulation adapts nicely The example in Figure 15 is a surface with boundary.
to the polygonal domain. Since one of the horizontal edges The control mesh, shown in Figure 15(a), is a triangulated
is longer than the rest, it has split in the first subdivision box shape with two open sides. The surface shown in Fig-
step. The end result is that the final mesh in Figure 11(b), ure 15(b) was constructed by tagging all boundary edges
gradually transitions from a 4-regular structure (on the left and vertices. Note the smooth blend between the two open
hand side) to a 5-regular structure (on the right hand side). extremities. To produce the surface shown in Figure 15(c),

Figure 12 exemplifies the subdivisionefregular pla-  boundary edges were untagged and one internal longitudi-
nar polygons for whic > 6. It contrasts the behavior of  nal edge was tagged. Note that, now, the boundary curves

the algorithm when the valenceis even and odd. Fig- are smooth, except at the vertex shared with the tagged
ure 12(a) shows the mesh for a 12-sided polygon after theedge.

first subdivision step. Note the radial decomposition struc-

ture around the central vertex. The final mesh, shown in4 4 Complex Objects

Figure 12(b), has a quasi 4-8 symmetric structure. Fig- , .
ure 12(c) shows the mesh for a 9-sided polygon after the The next examples deal with more complex shapes obtained

first subdivision. The decomposition cannot be completely ffom sampling real objects.

radial, because is odd. The final mesh, shown in Fig- The first example is the well known “Stanford Bunny”.
ure 12(d), has a quasi 4-8 structure, but exhibits a slight ' € control mesh, shown in Figure 16(a), was created with
asymmetry. the mesh simplification softwa@slim, developed by Gar-

Observe that in both cases, the triangulations of Fig- [and and Heckbert [8]. Figure 16(b) shows the smoothed
ures 12(b) and (d) are somewhat distorted near the boundPClygonalmesh after a few steps of our subdivision scheme.
aries. They contain a few extraordinary vertices in that re- It IS interesting to compare this mesh with the one in Fig-
gion, as well. This is, in part, due to the fact that boundary Uré 1 of [12], that was generated by smoothing the original

vertices are not allowed to move. dense mesh. _ _
The final example is a cow model used in [8]. The

control mesh shown in Figure 17(a) was also created by
4.2  Simple Objects simplification. Figure 17(b) shows the resulting subdivision
surface. Note that the shape is very smooth and, yet the

The next examples show subdivision surfaces created fror‘r}nam features are preserved

simple control meshes.

The first example is a closed surface of genus 0. The
control mesh, shown in Figure 13(a), is a triangulated cube.
The polygonal mesh after four subdivision steps is shown In this paper we presented a new scheme for subdivision
in Figure 13(b). Note that the only extraordinary vertices surfaces. Itis based on quasi 4—8 regular meshes, and com-
are the 8 corners of the original cube. Note also that therebines a geometry sensitive refinement operator with a con-
is very little distortion near these extraordinary vertices.  volution smoothing operator.

5 Conclusions



Overall, the scheme integrates effectively the two main [10]
operations and exploits the adaptivity of the mesh structure.
The implementation is simple and efficient. It generates
well-shaped meshes which converge to smooth surfaces.
There is strong evidence that the resulting limit surfaces are 1
piecewiseC'! continuous.

We have demonstrated the capabilities of the scheme
through examples of different surfaces: with and without 12]
boundary; of arbitrary topological type; as well as, from
shapes with variable level of complexity.

This scheme is an addition to the repertoire of mod-
eling tools for subdivision surfaces. In the range of exist-
ing techniques, it lies halfway between stationary and vari- [13]
ational subdivision methods.

The main novel ideas proposed in this paper are the
introduction of the concept of quasi-stationary subdivision
and mesh topology refinement based on geometric criteria.[

References

[1] W. Boehm. Surfaces in Computer Aided Geometric
Design chapter The de Boor algorithm for triangular
splines, pages 109-120. North-Holland, 1982. [15]

[2] E. Catmull and J. Clark. Recursively generated B-

spline surfaces on arbitrary topological meshesm-

put. Aided Design10:350-365, 1978.

(16]

[3] A.S. Cavaretta, W. Dahmen, and C. A. Micchelli. Sta-
tionary subdivision. Memoirs of the AMS12(453),
1991.

(17]

[4] E. Cohen, T. Lyche, and R. Riesenfeld. Discrete box [18]
splines and refinement algorithm&€omputer Aided
Geometric Designl(2):131-148, 1984.

[5] D. Doo and M. Sabin. Behaviour of recursive division [19]
surfaces near extraordinary point€Comput. Aided
Design 10:356-360, 1978.

[6] N. Dyn, D. Levin, and J. A. Gregory. A butterfly sub-
division scheme for surface interpolation with tension
control. ACM Transactions on Graphic®(2):160—

169, April 1990.

(20]

(21]

[7] W. Evans, D. Kirkpatrick, and G. Townsend. Right
triangular irregular networks. Technical Report 97-0,
University of Arizona, 1997.

Michael Garland and Paul S. Heckbert. Surface sim-
plification using quadric error metrics. 8iIGGRAPH
97 Conference Proceedingsages 209-216, 1997.

(8]

[9] H. Hoppe, T. DeRose, T. Duchamp, M. Halstead,
H. Jin, J. McDonald, J. Schweitzer, and W. Stuetzle.
Piecewise smooth surface reconstructiorPioceed-

ings of SIGGRAPH "94pages 295-302, 1994.

L. Kobbelt. Interpolatory subdivision on open quadri-
lateral nets with arbitrary topologZomputer Graph-
ics Forum 15(3):409-420, 1996.

1] L. Kobbelt. A variational approach to subdivision.

Computer Aided Geometric Desigh3(8):743-761,
1996.

L. Kobbelt, S. Campagna, J. Vorsatz, and H. P. Sei-
del. Interactive multi-resolution modeling on arbitrary
meshes. IISIGGRAPH 98 Conference Proceedings
pages 105-114, 1998.

J. Lane and R. Riesenfeld. A theoretical development
for the computer generation and display of piecewise
polynomial surfaces.IEEE Trans. Pattern Analysis
Machine Intell, 2(1):35-46, 1980.

14] P. Lindstrom, D. Koller, W. Ribarsky, L. F. Hughes,

N. Faust, and G. Turner. Real-Time, continuous level
of detail rendering of height fields. BIGGRAPH 96
Conference Proceedingsages 109-118, 1996.

C. Loop. Smooth subdivision for surfaces based on
triangles. Master’s thesis, University of Utah, 1987.

J. Peters and U. Reif. The simplest subdivision
scheme for smoothing polyhedrACM Transactions
on Graphics16(4):420-431, October 1997.

U. Reif. A unified approach to subdivision algorithms
near extraordinary vertice€omputer Aided Geomet-
ric Design 12(2):153-174, 1995.

M. C. Rivara. Mesh refinement processes based on the
generalized bisiection of simplicesSIAM J. Numer.
Anal, 21(3):604-613, 1984.

G. Taubin. A signal processing approach to fair sur-
face design. I'8IGGRAPH 95 Conference Proceed-
ings pages 351-358, 1995.

J. Warren.  Subdivision schemes for variational
splines. preprint, 1997.

P. B. Zwart. Multivariate splines with nondegener-
ate partitions.SIAM J. Numer. Anal.10(4):665-673,
1973.



AN NANANALN

NN SAVANNVAN
VAN S e e

(d)

©

(b)

(€Y

Figure 10: Subdivision afi-regular planar polygons.
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Figure 11: Subdivision of a warped hexagon.
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Figure 12: Subdivision of regular polygons with even (top row) and odd (bottom row) number of sides.



I

X

)
7
7

oA

Val
Y

N
S

gf
oS

N
&
%

@)

Figure 16: Bunny: (a) control net; (b) smooth net.
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Figure 13: Surface generated from cube after 4 steps.
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Figure 14: Surface generated after 4 steps from torus.
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Figure 15: Control of features and boundary treatment
Figure 17: Cow: (a) control net; (b) smooth net.



