Image decomposition in morphological residues:
An approach for image filtering and segmentation
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Abstract Morphological residues represent an image in an hierarchical way by means of a decom-
position of its structures and according to a size parameter A\. From this decomposition, we can
obtain a relation between the different residual levels associated with the complexity of the image
structures. In this work, we introduce a method for filtering of components in gray-scale images
based on the morphological residue decomposition which takes into account a size parameter and
a certain level of complexity of the different structures we want to be filtered.

1 Introduction

Since the 1960s, Mathematical Morphology [1], [2],
[3] has become increasingly popular in the commu-
nity of digital image processing due to its rigorous
mathematical description and capacity to extract in-
formation based on shape transformations.

Many works developed in this area concern main-
ly pre-processing and segmentation applications. Pre-
processing consists in enhancing the “image syntax”
to increase the success of the other operations. One
example of this technique is filtering [4], [5], [6], [7],
[8]. The aim of segmentation is to partition the im-
age in its constituent parts. Segmentation techniques
and problems are treated, for example, in [1], [2], [5],
(61, [9], [10], [11], {12].

The computational cost of the Mathematical Mor-
phology techniques is relatively high. Most of the
time, the need to extract the information in a cost-
effective way yields the use of a set of images from the
same scene containing different types of information.
In [13] is defined an image multi-resolution decompo-
sition scheme, the pyramid scheme, which illustrates
this kind of multiple representation of an image. This
scheme encompasses both the morphological concept
of granulometry [14] and morphological residues [8].

In this work, we consider the problem of filtering
and segmentation through the decomposition of an
image in morphological residues. This decomposition
is directly associated with the notion of granulome-
try that describes quantitatively the coarseness of
an image. Informally, as we will see in Section 2, the
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granulometry characterizes an image as a collection
of grains that can be sieved in a grain size distribu-
tion process. It decomposes an image in classes of
components, according to a size parameter, whereas
the morphological residues constitute a complete hi-
erarchical representation of the image [1], [2].

This paper is organized as follows. In Section 2,
we introduce the multi-resolution scheme considered
in [13], associated with the concept of granulometry
and morphological residues. In Section 3, we present,
a new filtering method based on an image decompo-
sition scheme, as well as some of its basic properties.
In Section 4, we discuss some results of the proposed
method by considering synthetic and real images. Fi-
nally, some conclusions are drawn in Section 5

2 Multi-resolution decomposition

The multi-resolution decomposition scheme represents
an image by different levels of resolution or “coarse-
ness” which, in turn, can be associated with the dif-
ferent amount of information we want to analyze.

A general framework for image decomposition,
the pyramid scheme, is defined in [13]. The method
considers two basic operations: (a) analysis, that
simplifies the image representation by reducing the
amount of information, and (b) synthesis, which tries
to recover the information lost in the analysis step.

The combination of these operations produces
an approximation of an original image X due to a
partial recuperation of the image by the synthesis
step. In this case, it is possible to obtain an image of
details Y, containing the information not recovered
by the synthesis step, and given by the difference
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between the original image X and the image defined
by the combination of the above operations.

We can easily see that the granulometry and
the morphological residues [14] can be represented
by this framework, since, as we will see next, the
granulometry decreases the amount of information
of an image, according to a size parameter, while the
morphological residues, which can be seen as the im-
age of details, contain the information lost between
two successive granulometric levels.

2.1 Granulometry

The granulometry, (1x)a>0, which depends on a size

parameter A [14], describes quantitatively the “coarse-
ness” of an image and is a basic morphological con-

cept used, for example, in pattern recognition. The

granulometry decomposes the image in classes of com-
ponents according to the used structuring element.

It can be defined as follows:

Definition 2.1 (Granulometry [14]) Let (¥)x)a>0
be a set of itmage transformations depending on a
parameter . This set constitutes a granulometry iff
the following properties hold:

VA > 0, is increasing (1)
(@)
3)

VA > 0,9, is anti-extensive
VA2 0,120,905 = Ya¥u = VYmas(r,u)

Equation 3 above implies an idempotent opera-
tion, that is,

Ya[a(X)] = Ya(X) (4)

The set of transformations 1, is a decreasing set
of algebraic openings given by any convex structuring
element B and its homotetic representation (AB =
{Mb|be B},A>0)[1].

Directly associated with the granulometry oper-
ation is the concept of morphological residues, de-
fined below.

2.2 Morphological residues

The morphological residues, R, [2] characterize the
information extracted from an image by considering
a set of granulometric transformations. The residues
are given by the difference between two consecutive
granulometric levels, as follows:

Definition 2.2 (Morphological residues(2]) Let
(Yx)a>0 be a granulometry. The morphological resi-

dues Ry, of residual level A associated with the size
parameters A, are given by the difference between the
result of two consecutive granulometric levels, that
is,
VA>1,X € RV, RA(X) = ¢a_1(X)\¢a(X)
VA2 1, f € RN, Ra(f) = ¥aca(f) = a(f),

(3)
(6)

where X and f represent a binary (set) and a gray-
scale (function) image, respectively, and \ stands for
the difference between sets.

Equations 5 and 6 define, respectively, the mor-
phological residues for binary and gray-scale images.
They represent the components preserved at level
(A—1) that are eliminated at the granulometric level
A

According to the transformation %, the set of
residues corresponding to (Rx)x>1 contains the com-
plete granulometric information and defines a com-
plete hierarchical representation of an image. Thus,
for the binary case,

X =JRa(X)
A>1

(7)

and, for the gray-scale case,

F=Ri(f)++Ra(f)+ =D Ralf)

A>1

(8)

Therefore, we can limit the amount of informa-
tion to be analyzed by considering only the data de-
fined in a certain resolution, as we will consider in
the next section.

3 Filtering by morphological residues

The decomposition of an image in morphological resi-
dues (Definition 2.2) is very useful for the character-
ization of some image structure attributes, such as
size, volume and shape [8]. Another attribute we
will introduce in this work concerns the vanishing
level of a point of the image. As we will see later, this
attribute is related to the irregularity of the image
structures, when considered as a topographic surface,
and characterizes the persistence of the information
between different residual levels. From these con-
siderations we will define an image attribute based
on the granulometric residues and, consequently, a
new filtering method taking into account this infor-
mation.

3.1 Basic definitions

Let I'; C Z? be the domain of a binary or gray-scale
image I, where each point can assume discrete values
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in the range [0, L], L equals 1 for binary images. Let
®,4(T';) be a subset of points p € I'; obtained by a
transformation, ¢ : 22 — Z, of image I, where the
transformed points are greater or equal to zero. We
can define the binary residues of an image as follows.

Definition 3.1 (Binary residue) Let ®%, (),
X > 1, be a subset of points p € I'1 so that R(Ls(p))
is greater or equal to zero. The binary residue of
image I is given by

1, if Ra(p) >0

0, otherwise

B, (T1)(p) = { ©)

In this case, for a binary image X, we have that

oz, (T'x) ﬂ‘I’R,, Tx)=0,Ax#uA\peN (10)

which means that the details obtained at level A are
not present at a different level p. Unlike the binary
case, a gray-scale image G yields

¥, (Fo) (@R, (Fa) £ D, A #mApeN (1)

which means that we do not necessarily have a suc-
cessive suppression of points between two different
levels of the binary residues. Instead, the value of
these points can be only “smoothed” by the opening
function .

Figure 1 illustrates these aspects for a mono-

dimensional case, where each residual level X rep-
resents the size parameter A associated, for exam-
ple, with the radius of a flat structuring element.
The dark parts in Figures 1(b), 1(d) and 1(f) are
_the residues Ry of the original image X, (Figure
1(a)), whereas Figures 1(c), 1(e) and 1(g) represent
the subsets ®r, (I'x).

Based on the subsets ($, )a>1 of points present
at different residual levels, we can associate to each
point p € I'r the following residue mapping of the
binary residues.

Definition 3.2 (Residue mapping) Let (®r,) >,
be a set of binary morphological residues. For all
points p € T'1, we define a residue mapping, M, con-
taining information about o size parameter associ-
ated with each residual level A, so that

Ma(p) = &r,(p) (12)

By this mapping, we can take into account the
parameter information related to the different lev-
els in which the image points vanish (they change
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(f) R4

(8) Pry

Figure 1: Morphological residues (left) and binary
residues (right) of levels 1, 2 and 4.

their state from 1 to 0), according to the subsets
@, (T's) defined from the sequence of residual oper-
ations (Ra)a>1-

Definition 3.3 (Vanishing attributes) The van-
ishing of a point is represented by the transition of
its value from 1 to 0 in the residue mapping M. In-
formally, the vanishing attributes are related to the
moment a given point does not belong to the morpho-
logical residue anymore.

According to Equation 11, we can see that a
point in a gray-scale image can change its state from
1 to 0 many times in the residue mapping (since this
point can belong to different residual levels as in-
dicated by the binary residues, see Table 1 below).



Related to this vanishing information, we can con-
sider two attributes on the image structures: one
concerning the order, g, in which the vanishing oc-
curs in the residue mapping process, and the other
associated with the number of occurrence, 7, of this
vanishing. The first attribute is based on the differ-
ent moments a point vanishes at the different residual
levels, while the second one concerns the number of
transitions from 1 to 0 of the point in M. As we will
see later, this vanishing number can be related to the
irregularity (complexity) of the image structures.
Table 1 illustrates the residue mapping M and
the vanishing number 7 of the plateaus in Figure

1(a).
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Table 1: Residue mapping of the plateaus in Figure
1(a).

Based on this information, we can finally define
residues by attribute.

3.2 Residues by attribute

By considering the persistence of the points of a gray-
scale image all along the residual levels defined, we
can use the parameter A and/or the information on
the vanishing of a point in these residual levels as
basic attributes for filtering. Here, the parameter A
is closely related to the size of the image components
(small (big) structures are represented by low (high)
residual levels), and the vanishing information gives
an idea about the complexity or regularity of their
shape (very regular components tend to have small
7 values in M).

Definition 3.4 (Residues by attribute - a gen-
eral definition) Let (R)),., be a set of morpho-
logical residues and (M)vper, the residue mapping
of all points in the domain T'y. The residues by at-
tribute, Q, represent the information concerning the
residual level A, Ry, relative to a size parameter ),
and/or to the vanishing of the image points in M.

The characterization of the significant structures
of the image is related to the right choice of the corre-
sponding attributes. Based on this definition, we can
define, for example, the following types of filtering:

e Filtering by using the size parameter )\, inde-
pendently of the residue mapping M.

e Filtering by considering either the information
of order, g, or the number, 7, of times a point
vanishes in M, independently of the size param-
eter A.

e Filtering which depends both on the size param-
eter A and on the information contained in M.

Basically, the above filtering/segmentation pro-
cesses consist mainly of three steps (which we will
explain in details in Sections 3.3 and 3.4):

1. Attribute definition: conveyed by the kind of
structures we want to extract. It depends on
the size parameter and/or on the information
contained in M.

2. Marker definition: based on the considered at-
tributes, it determines a set of markers repre-
senting the significant parts of the image to be
extracted.

3. Reconstruction: compute the geodesic reconstruc-
tion of the original image, based on the markers
previously defined [12].

From the above filtering operation, different im-
ages can be obtained and combined for the definition
of the final result that highlights their components of
interest. Here, we can define three types of residues
by attribute:

Definition 3.5 (Residues by attribute of size)
Let (Rx),>, be a set of morphological residues. The
residues by attribute using the size parameter \ con-
cerns directly the information about the size of the
image structures (see, e.g., [2] and [7] for this kind
of attribute)

Definition 3.6 (Residues by attribute of van-
ishing) Let (M)vper, be the residue mapping of the
points in the domain I'y. The residues by attribute
of vanishing are based on the information contained
in the residue mapping M, relative to the vanishing
number and/or the occurrence order of this vanishing
(indicated by the 1 to 0 transitions in M).

Definition 3.7 (Residues by attribute of size
and vanishing) Let (R)),s, be a set of morpho-
logical residues and (M)vper, the residue mapping of
all point in the domain I';. The residues by attribute
of size and vanishing represent the information con-
tained in the residual level A\, R, relative to the size
parameter A, and to the vanishing attributes in M.
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The definition of the structures characterized by
the above attributes is given by a set of markers iden-
tifying these structures in the image (as in the mor-
phological segmentation paradigm [12]). The next
section treats this aspect.

3.3 Marker definition

The information to be extracted by the filtering pro-
cess depends on the markers used in the geodesic re-
construction [7], [12}, since these markers define the
image structures to be preserved or not. The markers
are defined according to the type of filtering, which
depends on the used attributes. To obtain the de-
sired filtering, we define two sets, named Preserve
and Eliminate, that represent the markers for the
image structures that should be preserved and elim-
inated, respectively.

For each type of considered residues, we obtain
different sets of markers, as we illustrate in the fol-
lowing.

3.3.1 Marker definition associated with the
size parameter A and independent of
the residue mapping M

To obtain the structures associated with the size pa-
rameter A, we can define the sets of markers simply
by

Preserve = {all points p € &z, }
Eliminate = {all points p € (o, \P%, ),
p> A}

where again \ stands for the difference between sets.

3.3.2 Marker definition associated with the
residue mapping M

As we have seen before, from the residue mapping
M, we can obtain information about the number and
the order of occurrence of the vanishing of a point.
For example, if we define Z(p) as the number of van-
ishing of a point p, then we can obtain the following
set of markers concerning the vanishing number 7:

Preserve = {p € T';| E(p) = n}
Eliminate = 0

Let 1 and ¢ be, respectively, the number and
the order of the vanishing of a point, as before. An
example of a marker definition related to the order
value g can be given by the sets

We notice that the order g occurs only when the
vanishing number 7 of the point is greater or equal
to o (n 2> o)

Preserve = {p € T'1| Z(p) > o}
Vt & Preserve, Eliminate = {t € I'; | Z(p) < o}

3.3.3 Marker definition depending both on
the size parameter A and on the residue
mapping M

Let us define 8(M(p),n) as the level A in which the

vanishing number of a point is equal to 7. A set of

markers based on the size parameter A and on the
value 7 can be given by

Preserve = {Vp € I'; | E(p) =7 and

6(M(p),n) = A}
Eliminate = @

If we define 8(M(p), o) as the level A in which .
the vanishing of a point occurs in the order g, then
the set of markers concerning the vanishing order g
and the size parameter A can be given by

Preserve = {p | Z(p) > ¢ and §(M(p), o) = A}
Vt € Preserve, Eliminate = {t | Z(p) < o}

After the definition of the suitable set of mark-
ers, we can execute the final filtering step represented
by the geodesic reconstruction algorithm.

3.4 The reconstruction step

After the definition of the set of markers, we consider
the morphological reconstruction algorithm [12] for
the full retrieval of the significant structures of the
image. Hence, the general filtering algorithm based
on residues by attribute can be summarized as:

Algorithm 3.1 (Residues by attribute and fil-
tering)
Input: 1mage I, the size parameter A and/or the in-
formation about the vanishing of the image struc-
tures.

Output: the filtered image.

1. Determine the residue mapping M for all point
P S F[.

2. Determine the set of markers, Preserve and
Eliminate, according to each attribute.

3. Extract the image components by the reconstruc-
tion method:

(a) Reconstruction of the image structures us-
ing the set of markers Preserve.

(b) Reconstruction of the image structures us-
ing the set of markers Eliminate.

(c) Subtraction of the image obtained in (3b)
from the image obtained in (3a)
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Figures 2, 3, 4 and 5 illustrate some filtering
operations based on Figure 1(a) and on the residue
mapping M shown in Table 1. The darker parts
in these figures represent the different structures ob-
tained in the filtering process.

() A=1

(c)x=14

(b) A =2

Figure 2: Examples of structures obtained by filter-
ing the image based on residues by attribute of size

A

(an=1

(b)yn=2

Figure 3: Examples of structures obtained by filter-
ing the image based on residues by attribute of van-
ishing (number) of the regional maxima.

Figures 5(c) and 5(d) illustrate some structures
that can be obtained only by a filtering of residues
by attribute since these structures have different con-
trast and size parameters. Observe that the common
characteristic of these structures concerns the van-
ishing information associated with the specific size
parameter A.

(@e=1

Figure 4: Examples of structures obtained by filter-
ing the image based on residues by attribute of van-
ishing (order) of the regional maxima.
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(a)A=landn=1

—

(b) p=1land A =1

(dye=2and A =14

(c) A=2andnp=1

Figure 5: Examples of structures obtained by filter-
ing the image based on residues by attribute of num-
ber, order and size parameter .

3.5 Properties

Let pr(X) be the morphological reconstruction of
an image X with the set of markers T, and P and E
the set os markers Preserve and Eliminate, respec-
tively, obtained from X. We can express the residues
by attribute filtering as

pp(X)(z) — pe(X)(z),
Oif Pl;l(X)(x) > pe(X)(z)
, otherwise

UX)(z) =

As we explain next, this filtering is an idempo-
tent, anti-extensive and connected operator.

Anti-extensive: pp(X) — pp(X) < X=0(X) <
X.

Idempotent: Let us consider P1 and E1 as the sets
of markers Preserve and Eliminate, respectively,
obtained at the first iteration (2(X)). The transfor-
mation (2(X))) = pp1(UX)) — pE1(2(X)) does
not modify the result obtained at the first itera-
tion that, originally, eliminates the undesired con-
tent of the image. Thus, Q(Q(X))) = pp1(QUX)),
because £1 = @. Since P1 = P, we have that
QX)) = pp(QUX)) = QX).

Connected: Informally, the method extends the im-
age plateaus due to the morphological reconstruction
considered in the filtering process.

The next section shows some examples of filter-
ing on real images.

4 Some examples

Figures 6-7 illustrate the filtering based on residues
by attribute by considering different classes of im-



ages.

COMPRAR
- OU VEMDER.
[ UM CARRC
© PELA INTERMET 77

(a) Original image.

(b) Filtering considering the second
vanishing associated with the residual
level 16 (9 =2 e A = 16)

COMPRAR
DU VENDER

UM CARRQ
PELA INTERMET

(c) Image (a) minus a filtered im-
age given by the mapping of the im-
age maxima and vanishing number be-
tween 2 and 7 (2 <n < 7).

Figure 6: Extraction of some image structures.

Figure 6 illustrates, for example, the extraction
of different image components with the same gray-
level and size parameter, but with different vanishing
order(the strings “COMO COMPRAR OU VENDER
UM CARRO PELA INTERNET” e “??”). Figure 7
illustrates the noise smoothing of a radar image as
well as the elimination of some of its irrelevant com-
ponents. Figure 8 illustrates the suppression of a
component of the image (the strings). Finally, Fig-
ure 9 shows a segmentation example based on the
threshold of a filtered image. In this case the signif-
icant components, which cannot be extracted by a
simple thresholding, have the same size and vanish-
ing order in the original image.

5 Conclusions

In this work, we introduced a new filtering technique
based on the notion of residues by attribute. Basi-
cally, the method considers a decomposition of the
image through the morphological residues which con-
stitute a complete and hierarchical representation of
the original image. From this decomposition, we

(b) Filtered image con-
taining mainly the orig-
inal targets representing
ships.

(a) Original image.

Figure 7: Filtering by considering the mapping of
the image maxima and g =1 and 3 < X <5.

consider the concept of binary residues, vanishing
attributes and its corresponding attributes of order
and number. Based on these attributes we define a
set of filtering scheme that has been proved to be
useful in image smoothing and segmentation.

A common problem with this type of filtering
refers to the algorithm performance. The computa-
tional time for the morphological residues definition
is considerable, even when we consider a decompo-
sition method of the structuring element. A future
work in this sense concerns the algorithmic optimiza-
tion of this method by considering, for example, the
component trees [15] representation. Another aspect
to be investigated is the introduction of other more
complex attributes in the filtering scheme, such as
the connected surface information of the components
at a certain residual level.
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