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Abstract. Booleanexpansionof binaryfunctionshasbeenusedin therepresentationf binaryimageoperators.
This representatioschemenducedthe creationof imageprocessingrchitecturebasedn decisiondiagramsin
somesituations the applicationof this graph-basedperatorover the inputimagesis fasterthanthe correspond-
ing corventionalapproachin thatthe operatorsare constructvely describedoy meansof basicoperatorsandset
operations.However, whenthe corventionalarchitecturesxploits the bit parallelismof the microprocessolog-
ical instructions,its performanceoften surpassesghat of the graph-basedystem. This article proposesa novel
approachjn which the decisiondiagramsguide the actionsof the underlyingcorventionalarchitecture taking
adwantageof its parallelism sothatfasterimageprocessinganbe achieved.
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1 Introduction

Corventionalbinary imageprocessorareimplementedn
software by supplyingfastproceduregor primitive opera-
tors,suchasdilationsanderosionsandtoolsfor combining
them by meansof settheory operations.Usually, several
pixels are treatedsimultaneouslyin thesesystemsby us-
ing themicroprocessadbitwiselogical operationstesulting,
thus,in fasterimplementations Although the word length
of thesebitwise operationamay be of several bytes, such
image processingsystemsare called byte-architecture, in
contrastto the bit-architecture, wherepixels areprocessed
oneatatime.

Alternative architecturehave beenproposed For ex-
ample,in thecontext of automatidearningof operatorsthe
operatoiis effectively treatedvhenrepresentedy datacol-
lectionsknown astheopemator basig2, 3, 4]. Recentlyspe-
cific operatorg11] andageneral-purposarchitecturg10]
basedon a graphrepresentationwere proposed ,offering
superiorperformanceover the corventionalarchitecturan
mary situations.

Binary imageoperatorscan be representedby a spe-
cial kind of directagyclic graphknown asbinary decision
diagram, or BDD [1]. Theevaluationof suchoperators—
thatis, finding the imageresultedfrom the applicationof
the operatorover the inputimage— is doneby traversing
the graphandperformingani f - t hen- el se testonthe
binary variable storedat eachvisited node. The value of
this variableis directly relatedto the inputimage. There-
sult of this traversalis one of the two possiblefinal states
of the graph,the sinks“0” and“1”, which is thenusedto
determingheoutputimagepixel values.

Imageprocessorsisingthis approachevaluatethe in-
putimagein time O(h - N), whereh is the longestpathin

the operatorgraph(i.e. the heightof the decisiondiagram)
andN istheinputimagesizein pixels. It is not possibleto
performa word-at-a-timeparallel processingpf pixels us-
ing this approachwithout traversingboth branchesof the

i f-then-el se tests. Thus, althoughthe graph-based
architecturepresentsetterperformancehanthe corven-
tional bit-system,in large word machineghe corventional
architectures preferableor mostoperators.

This article demonstratehow the graph-basedepre-
sentatiorof operatorcanstill beusedto speed-ugthecon-
ventionalbyte-architectureAn operatomapplicationtime of
O(n - &) will beachiered,wheren is the sizeof the deci-
siondiagram,andw is the microprocessoword size. This
approacHheadsto fasteroperatoiimplementationsvhenits
graphhasareasonablevidth. Theproposedystemwill be
calledhybrid architecture.

Following this introduction,Section2 revisits the set
theory approachto binary image processing. Section3
presentghe Booleanexpansionand the graph-basedep-
resentationof binary functions. Section4 discusseshe
graph-basedepresentationf windowed operatorshow to
computeit, andits first employmentin the architectureof
imageprocessorsSection5 presentghe Booleandecom-
positionof operatorsandits usefor fastersoftwareimple-
mentationf imageprocessorsSection6 shovs someex-
amplesof operatorimplementatiorusingthe Booleande-
compositionstructureand makesan expectedperformance
analysisn termsof thenumberof basicoperationsSection
7 concludeghearticle.

2 Binary Image Operators

This sectionrevisits the groundsettheoryapproacho bi-
naryimageprocessingBinary imagesaremodeledassub-



setsof theimagespaceFE, which commonlyis arectangle
in Z%. The spaceP(E) of all binary imagesconstitutes,
with the partial order C, a completeBooleanlattice [5],

with universalboundsE and{), andhaving the usualu, N

and-¢ asits supremuminfimum andcomplementatiomp-

erations.

A binaryimageprocessingrogramis modeledasthe
discretesetoperatory) : P(E) — P(E). Theset¥ of all
suchoperatorss alsoa completeBooleanlattice whenone
assigndor eachyy, 92 € 0,

Y1 <y & Y1 (X) Ca(X),VX € P(E).

The supremunandinfimumin this lattice verify

(V ) (X) = [Jwi(X) and (N vi)(X) = [ :(X),

el icl el iel

where! is asetof indices.

The compositionof ¢, by 15, denotedis1), is the
operatordefinedby v (X) = 92 (11 (X)), VX € P(E).
The identity (+) and negation (v) operatorsare definedby
((X) =X andy(X) = X¢,VX € P(E). Thus,vy isthe
complemenbf 1) in thelattice (T, <).

The setoperatorsd € ¥ that satisfy §(U;er X;) =
Uierd(X;), for every family (X;);ecr in P(E) arecalled
dilations Dually, the setoperatorse € ¥ that satisfy
e(MierXi) = Niere(X;), for every family (X;)ier in
P(E), arecallederosions Dilationsanderosionsarechar
acterizedoby structuringfunctionsb : £ — P(E), andde-
notedd, andey, respectiely.

With erosions dilations, the negation operatoy com-
position and the basic set operations,one can build ary
operatorof ¥. Morpholagical expressions— thatis, the
valid sentencescomposedof the symbols (§,¢, v, A, V)
and the parametricstructuringfunctions — are the most
commonrepresentatiorf operators. This representation
schemeénducedthe architectureof the corventionalbinary
imageprocessorsalsocalledmorpholaical madines or
MMachs|[2].

Practicalimplementation®f MMachsuses neverthe-
less,asub-family of erosionsaanddilations:thosethatcom-
mutewith the translation asexplainedin the sequence.

Let (E, +) beacommutatve group,with thezeroele-
mento € E, calledorigin. Leth € E andX,Y C E. The
setXy, = {z + h : z € X} isthetranslationof X by h.
Thesetoperatorr;, definedby 7, (X) = X3, VX € P(E),
is calledthe translationoperatorby h. An operatory is
saidtranslationinvariant if it commuteswith the transla-
tion, thatis, if 7,9 = ¥1,,Vh € E.

ThesetoperationsX @Y = Uyecy (Xy) andX oY =
Nyey (X_,) arethe Minkowskiaddition and subtraction
Thetranslationinvariantdilationsanderosionsarecharac-
terizedby setsB C E, called structuring elementsand,

thus,denotedby §p ande g. They canbedefinedby
0p(X)=X®B and ep(X)=XoB VX,Be P(E).

NotethatdB =VpeB T andeB = ApeB T—p-

Let W C FE beafinite setcalledwindow A setop-
eratory is saidto belocally definedwithin W if andonly
if

heyp(X)e heyp(XNWy), Vhe E,NX € P(E).

We call operator windowthe minimalwindow in whichthe
operatoris locally defined. Thus, the translationinvariant
setoperators, v, 7, g andep have windows {o}, {o},
{-h}, Bt = {—b: b € B} andB, respectiely.

Let Ty be the setof all translationinvariant oper
ators that are also locally definedwithin some window
W. Thesearethe operatorsof interestin this article, and
are called windowedoperators, or W-operators. The lat-
tice (T, <) is isomorphicto the completeBooleanlat-
tice (P(P(W)),C) [3]. This meansthat W-operators
canbe canonically(i.e., completelyand uniquely), repre-
sentedby collectionsX C P(W) of window configura-
tions. Onesuchrepresentatiors the operatorkernel given
by Kw (¢) = {X C W : 0 € $(X)}.

Anotherusefulcanonicalrepresentations the collec-
tion of all maximalintervalsin the kernel, called basisof
the operator An interval of window configurationswith
extremities A and B is definedby [A,B] = {X : A C
X C B C W}. Thebasisrepresentatiofis widely used
in automaticdesignof operatordy machineearningtech-
niques|2, 3, 4].

3 Characteristic Function and Decision Diagrams

Besidesthe kernelandbasisrepresentationd} -operators
canbe canonicallyrepresentetby functions¢ : P(W) —
{0,1} and by functions f : {0,1}/"! — {0,1}, since
{0, 1}"W) and{0, 1}{%1}"™" (the BooleanalgebralB,y|)
are Booleanlatticesisomorphicto P(P(W)), and hence,
to ¥y,. Thesupremumijnfimum andcomplementn those
latticesaredenotecby + , - and—.

The characteristic function of an operator, is the
functionof {0,1}P(") definedby ¢(¢)(X) =1 & X €
Kw@) e oey(X),VX e W.

In the following, we definethe characteristicbinary
function of a W-operatory, denotedf(y) € IBjy. Let
W = {w,ws,...ww}. Thesupportof avectorx =
(1,22,...,2;w)) € {0,1}W! denotedxy,, is the set
X C W suchthatw; € X & z; = 1. The characteristic
binary function of an operatory, is the function of 1By,
definedby f(1)(x) = ¢(xy), Vx € {0, 1}/ V1.

Binary functionsof |IW| variablescanbe canonically
representedn several ways. The sum-of-mintermsform



of the characteristidunction of an operatoris structurally
equialentto its kernel. The setof primeimplicantsof this
functionis structurallyequivalentto the operatobasis.

A graph-basedepresentatiorfor binary functions,
calledbinary decisiondiagram hasbeenextensiely used
sincethe work of Bryant[7], whena canonicalform and
manipulationalgorithmsfor it weredefined.It is basedn
the Booleanexpansionof a binary function, given asfol-
lows.

Let f € Bw|, andz; avariablein the domainof f.
TheBooleanexpansionof f with respecto thevariablex;
is

f =i flo+%i flm = (@i+ flz) @i+ fla)-
Therestrictionsf|,, = f(z1,...,2; = 1,...,7w|) and
flzr = f(z1,...,2 = 0,...,2w) are,respectiely, the

positiveandnegativecofactosof f with respecto thevari-
ablex;.

The cofactorscanbe expandedurtherwith respecto
othervariablesandthis procesgepeatedintil the remain-
ing cofactorsbe the constanfunctions0 and1. Thefinal
expressionwhenparsedyesultsin anorderedbinary tree,
whosenodesarelabeledwith the variableindices,andthe
leaveswith “0” or“1”. Thefirstchild of eachnodeis called
positive, andthe otherchild, negative.

A parsingtreefor the function canbe built with this
procedurén away thatthe pathsfrom therootto theleaves
visit the nodeindicesin ascendingprder Afterwards,all
identical subtreescanbe memgedandall the nodeswhose
childrenareidenticalbe eliminated.Theresultingstructure
is a rooteddirectedacyclic graphcalled reducedordered
binary decisiondiagram, or ROBDD [7].

ROBDD is a canonicalrepresentationf binary func-
tions. Several free software packagesor ROBDD manip-
ulationareavailablein thelnternet.In [6, 7, 8] algorithms
to computetheROBDD of f; + f» andof f; - fs, giventhe
ROBDDsof f; and f,, arepresented.

Figure 1 shavs the ROBDDs of somebinary func-
tions. Solid lines pointto the positive cofactorsanddashed
to thenegative ones.

Theevaluationof f(z1, 2, ..., T)w|) canbestatedas
“i f (x;) then f|;, el se f|z". Thereforethe ROBDD
can be “executed’as if it were a programconsistingof
nested f - t hen- el se statements.The runningtime of
this programis O(|W|), meaningthatthe function canbe
evaluatedwith at mostonetestpervariable.

4 Graph Representation of Operators

This sectiondiscusseshe graph-basedrchitectureandthe
methodto computethe operatorgraph.

Let< atotalorderin E andW = {w, w2, ..., ww|}
suchthatw; < wy < ... < wyw|. Let Gy bethe

Figurel: ROBDDsof someBooleanfunctions:(a) z; -z -
z3; (D) z1 + 22 + x3; (C) 21 D 22 P T3.

spaceof all ROBDDs representindinary functionsin the
variablesz,,, , Ty, , - - - s Ty - AS ROBDDsarecanonical
representationf binary functions,a bijective mappingbe-
tweenGyy andIB,yy | exists.

LetG : B,y — Gw denotethe mappingthattakes
theROBDD G(f) of thefunctionf. Let f1, fa € Bj|. By
definingG(f1) UG(f1) = G(f1 + f2) andG(f1) N G(f1) =
G(f1 - f2), weestablishalatticeisomorphisnbetweenG
andBy |, andhencepetweenGy and¥y,. TheROBDD
of the characteristicfunction of an operatory is called
graphof 4, thatis, G(f(¢)), anddenoteddy G(v))

The graphsof the elementaryoperators,, v, 7, ép
andeg aredenotedby I, N, Ty, Ag andEg. They havea
very simplestructure asillustratedin Figure2.

r@@e@

@\- g

Figure2: Graphsof v, v, T, 0 {w, ws,we} ANAE fun ws,wa}-

Graphsof complex operatorsanbe built by meansof
the proceduregpresentedn [9], when oneknows the op-
eratordescriptionby a morphologicalexpression. Those
proceduresomputethe following graphs giveny € ¥y,
1 € Uy, 2 € Yy, h € EandB C W:

* G(6pY) € Gwgr: ® G(mny) € Gw_,
e GepY) € Gwon  ® G(v2¢1) € Gw,aw,-

Let G; = G(v¢;). ThegraphG (214 ) will be denoted
by G, - G;1. Thus,the proceduresbore calculateT}, - G,



Ep -G, Ap - G andthegenericcompositionGs - G;. The
proceduredor LI, M andG = N - G canbethosegivenin
[6, 7, 8]. With this notation,the procedureof corvertinga
morphologicalexpressioninto its graphis straightforvard.
For example,thegraphof e 464 A (egdp VeV v A Ty) IS
obtainedfrom the applicationof the following sequencef
graphoperations{E4 - A4)N[(Ep -Ap) UTU(N NTy)].
A morphologicalmachinehasbeenbuilt having the
ROBDD representatiorin its core [10]. A pre-processor
calculatesthe operatorgraphs, translatethem into i f -
t hen- el se-formed programs,compile them, and store
themin alibrary. Theimageprocessingtself is doneby
directly executingtheseprogramsas the machineprimi-
tives. Setoperations,countersand loop control are also
providedto allow the useof morecomplex operatorsThis
approachhasreportedfasterimplementationghanin the
corventionalbit-architecturdor mary operatorg9].

5 Boolean Decomposition of W-Operators

This sectionpresentghe main contributionsof this article:
the Booleandecompositiorof operatorsand the proposal
of usingit in morphologicalmachinesn orderto achieve
fasterimplementations.

Recallthe Booleanexpansionof afunction f € 1By
with respecto thevariablez,,, :

[ = (Tw: f|zwl) + (Tw; - flm)
= (Tw; + f|ﬁ) (T + f|mw1)

Lety € Wy bethe operatorwith characteristidi-
nary function f. Let denotey|,, and|z; the operators
whosefunctionsaref|,,,. andf|z-, respectiely. It is eas-
ily verifiedthatz,,, is the characteristidinary function of
the operatorr_,,,. Therefore,making useof the isomor
phismbetweenB,y, and ¥y, we obtainwhatwe call the
Booleandecompositiorf ¢ at w;:

"/} = (T—’wi Awwi)v(yT—wi /\’pr—1)
= (T—’wi wa_z) A (VT—wi V"p ’wi)'

Similarly, in thespaceGw we alsodefinetheBoolean
decompositiorf thegraphG = G(¢) at w;:

G = (T-w,NGly;) U(N-T_, NG
= (T—w; UG|zr) T (N -T_pp, UG

wr)

’Uji)l

wheretherestrictionsG|,,; andG|z; arethe graphsof the
correspondingperatorgp|,, andy|z;. Notethat,if w; is
the label of the graphroot (the smallestvariableindex in
@), thenthesegraphscoincidewith the successorsf the
root node.

From the disjunctive Booleandecompositiorof ¢ it
followsthat,VX € E,

PX) = (Xow; NY

wi (X)) U (X—w; N9

wi (X))

This expressioncan be interpretedas reproducingin
(X)) the pixelsof 9|, (X) atthe positionssetin X _,,,,
andthe pixels of ¥ |z;(X) atthe otherpositions.An alter
native notationto this is the bitwise selection givenby the
“?:” ternaryoperation:

PX) = X, 7 Yl (X) 2 Pl (X))

Notethatthisisnotani f - t hen- el se intheusualsense,
sinceboth brancheshave to be computed,in orderto get
P(X).

We are now readyto introduce an enhancemenof
MMachs,which consistsof a procedurdo drive the appli-
cationof the operatorover inputimagesby exploiting this
new decompositionWe supposeéhatthe graphsof the op-
eratorsaregiven— if not, they canbe calculatedrom the
morphologicalexpression.

The procedure recursvely traverses the operator
graph,and at eachinternal node appliesthe Booleande-
compositiorexpressiornto theimageseturnedromits chil-
drennodes.The leavesaredefinedto returnthe empty (all
pixels off) andfull (all pixels on) images. The decompo-
sition expressionis calculatedby the usualcallsto the un-
derlying corventionalMMach (byte-architecture)The ad-
vantageof this methodis its simplicity, sinceit demands
no pixel-level routinedevelopment.Thedecompositiorex-
pressioncanalsobe suppliedasa routinethat extendsthe
functionalityof theMMach, allowing directspecificatiorof
ROBDDs by the operatordesigner The main dravbackof
this approachs thatoneentireimageis allocatedfor each
instanceof therecursionput thisis easilyovercomeaswill
beseenin thesequel.

0 1

X .

Figure 3: Graphof the vertical borderdetectory) andthe
intermediatémagesusedto computey (X).

Figure3 illustratesthe graphof theanti-extensive ver-
tical borderdetector Besideseachnode,it is shovn the



processedmagereturnedby it, giventhe inputimage X.
Therootnodereturnstheimage(X), asshawvn.

A first optimizationof that procedureis possible,in
which all neededranslationf theimageis precomputed,
aswell astheir complementsandthentherecursye proce-
dureis built by makinguseof afastimplementatiorof the
bitwise selectionoperation A furtheroptimizationwith re-
spectto memoryspacecanbe achiezedby doingthewhole
processn imagechuncksfor examplein onerow atatime.

This new approachto morphologicalimage process-
ing, dependingntheviewpoint,is regardedasanextended
corventionalMMach, or a parallel graph-basedvMach.
We call this approactybrid architecture.

6 Expected Performance

This section showvs the applicability of the architecture
basedon the Booleandecompositiorstructure.We present
threeclasse®f operatorghatrun fasterwhendecomposed
in this way, whencomparedwith the classicaldecomposi-
tion.

We assumethat in ary machineimplementationthe
neededimage translations(7_,,, (X)) and their comple-
ments(v7_.,; (X)) arepreviously calculatedor arecalcu-
latedonly once whenthey appearHence for aW-operator
thereare |IW| input image translationsand |W| comple-
mentedonesjndependentlpf thedecompositiorused.So,
for thesale of architecturecomparisonsthe numberof op-
erationsu plusthe numberof N’'swill beconsideredsthe
algorithmcost. Thus,thecostsof e g or g are|B| — 1. The
costof ary operatordescribedy the Booleandecomposi-
tion is the numberof internalnodesn timesthe costof the
Booleandecompositiorexpressionthatis, 3 x n.

Preliminarily, we analysethe cost of the hit-or-miss
operatorwhichis extensiely usedin morphologicaimage
processinglt is definedas\y; 5, = em A emv. Its costis,
therefore|H| + |M| — 1.

The first operatoris the parity operatoy namedrmyy .
This operatorexaminesthe input imageunderits window
W andturnson the output pixel at the appropriateposi-
tion if the obsened imageconfigurationthroughthe win-
dow hasan odd numberof points. Its descriptionby the
classicalmorphologicaldecompositionis a supremumof
2IWI=1 termsof theform X', wherethe 4;’s arethe
subsetof W with odd sizeand 4; = W N A¢. Thus,its
costis exponentialin the sizeof W. Exceptfor the case
of a very smallwindow (|W| < 3), it hasworseperfor
mancethanthe implementatiorby the Booleandecompo-
sition, sincethe graphof this operatothasonly 2 - |W| — 1
nodes. Figure 4 illustratesthe setof the A;’s for my and
theoperatorgraph.

The secondoperatoris the symmetrydetector This
operatorexaminegheinputimageunderits window W and

HEEFR
sl [53 28
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Figure4: Structuringelementsandgraphfor the parity op-
erator(|W| = 4).

e

turnson the outputpixel at the appropriateposition, if the
obsenedwindow configurationis symmetricwith respect
to thecenter It is definedby the formula:

— r_
ow = VBesAp s

whereS is the setof the 2> possiblesymmetricstructur
ing elementxontainedn W.

Figure5: Structuringelementsandgraphfor the symmetry
detector(|[W| = 8).

Figure5 shonsthesetS aswell astheoperatorgraph,
for awindow with eightelementsArcsto thesink“0” were
omittedin thedrawing.

Thecostof Ap 5 is|W| — 1. Hence the costof oy

is (|W| —1) - 8] + (|S] — 1), thatis, [W] - 25~ — 1. The
. 1wl
correspondingraph-basedperatohas3 - 2= — 3 nodes,

thencosting9 - (2@ — 1). For windows with tenor more
elementsthe performancef the graph-base@mplementa-
tion of oy getsbetterthanthe implementatiorby the flat

decompositiorabove.
Thethird operatoris the mediarfilter. It is definedas:
B|+1
pe(X)={z € E:|X_,NB|> %}, VXCE

Thekernelof up consistof all subset®f B thathave

W%l elementsor more,supposing B| odd. Its basiscon-
sistsof the (411 ) intenals[4, B] suchthat|4| = EHL.

2




The morphologicalexpressionderived from the basis of
the medianfilter is: up = Vv{ea : A C B, |4] =
WT+1}. The implementationof this expressionwill cost

(@) . \B|2+1

costly. Forexample,if |B| = 9 therearel26erosionterms,
andup costs629operations.

— 1. We notethatthisimplementatioris too

a =

Figure6: ROBDD for a3 x 3 mediarfilter.

The ROBDD for the medianfilter hasa very simple
structureandtheexamplefor | B| = 9 is shavnin Figure6.

The costof up in the proposedMachis 3 - ((|B|2—+1))2,
whichis obviously muchmoreefficientthantheimplemen-
tationbasedon the basisdecompositionThus,for |[B| =9
pp Costs75 operations.In a graph-baséMMach it would
cost9. In a 32-bit machine the expectedspeed-upf the

new approachs (9 - 32) /75 = 3.84.

7 Conclusion

Usingthelatticeisomorphisnthatexistsbetweerthespace
of W-operatorsand the spaceof the binary functions of
|W | variablesadecompositiorstructurein ¥y, equivalent
to the Booleanexpansionwas derived. This was hamed
the operator‘Booleandecompositiorat the point A", with
heW.

The component®f the decompositiorexpressiorare
theoperatorgy, andvry,, whicharetrivially calculatedand
therestrictionsy|,,, andy|;, which aredirectly available
in acertainrecursve procedureThecombiningoperations
arealsosimpleto calculate(infimum andsupremum).All
of theseoperationscan exploit the natural parallelismof
the microprocessological instructionsand,thus, calculate
severalpixelsatatime.

The mentionedrecursionis guided accordingto the
graphof the operatoythatis, its ROBDD, whoseconstruc-
tion alsocomesrom theBooleanexpansion Dependingpn
the width of the microprocessoword and on the number
of nodesof the graph,the operatorimplementatiorusing
this decompositiortanhave superiorperformancahanthe
usual,andthanits implementationn graph-basedrchitec-
tures,aswell.
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