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Abstract.

The watershedransformandthe morphologicalreconstructioraretwo of the mostimportantopera-

torsfor imagesegmentationin the framework of mathematicaimorphology In mary situations the segmentation
requireghe classicawatershedransformof areconstructednage.In this paperwe introducethe IFT-watershed
fromgray scalemarker - amethodto computeat sametime, thereconstructiorandthe classicawatershedrans-
form of the reconstructedmage,without explicit computationof any regionalminima. The methodis basedon

the Image ForestingTransform(IFT) - a unified andefficient approacho reduceimageprocessingroblemsto a

minimum-costpathforestproblemin a graph. As additionalcontributions,we demonstratéhat (i) the costmap
of the IFT-watershedrom markersis identicalto the outputof the superiorgray scalereconstruction{ii) other
reconstructioralgorithmsare not watershedsand (iii) the proposednethodachievescompetitve advantagesas

comparedo thecurrentclassicawatershedpproach.

1 Intr oduction

We have developeda unified andefficient approachcalled
image forestingtransform(IFT) [7], to reduceimagepro-
cessingproblemsto aminimum-costpathforestproblemin
agraph.ThelFT hasbeensuccessfullyappliedto boundary
tracking, watershedransformsmorphologicalreconstruc-
tions, multi-scaleskeletonization, fast binary morpholog-
ical operationsmulti-scaleshapefiltering, Euclideandis-
tancetransformgeodesipathcomputationmulti-scalefrac-
tal dimension,andshaperepresentatioby salienceg8, 6,
5,11, 7]. In this paper we proposea variantof the IFT-
watershedrom markers[8], calledthe IFT-watershedfrom
gray scalemarler.

The classicalwatershedransformof an input image
I usually createsan over-seggmentedpartition, wherethe
catchmenbasinsareinfluencezonesof the regional min-
ima of I [2]. In orderto reducethe numberof catchment
basinsin the segmentation,we usuallyapplyto I a mor-
phologicalreconstructiorbeforethe watershedransform.
In [8], we proposedhe IFT-watershedrom markerswhich
computesthe watershed-from-masgk's transformwithout
requiringminimaimposition (seeFigure1). We presented
in [6], therelationbetweenwatershed-from-masestrans-
form and morphologicalreconstruction.In this paper we
shaw thatthe proposedmethodcomputesat sametime the
morphologicalreconstructionand the classicalwatershed
transformof thereconstructe@mage withoutexplicit com-
putationof regionalminima(seeFigure?2). Therearecom-

petitive advantage®f thisapproaclascomparedo thecur
rentclassicalwatershedapproach.lt is conceptuallysolid
with higher abstractionwhere the marker is specifiedby
a gray scaleimage, it is fasterand simpler by combining
mary stepsin a single algorithm, andit doesnot require
explicit computatiorof any regionalminima.
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Figurel: ThelFT-watershedrom markersdoesnotrequire
minimaimposition.

We first review the IFT-watershed-from-masesalgo-
rithm (Section2) anddemonstrat¢hatits costmapis iden-
tical to the outputof the superiorreconstructioralgorithm



gray scale

Input image
marker

Reconstruction

I

I

I

I

T

|

I

! i IFT-watershed
! | from gray scale
| | marker

I

I

I

I

I

I

I

I

I
Watershed |
I

transform |
I

I

I

I

Figure2: The IFT-watershedrom gray scalemarker com-
putesthereconstructiorandthe watershedransformof the
reconstructedmage,simultaneously

(Section3). WethenintroducethelFT-watershedrom gray
scalemarkerandits efficientalgorithmin Sectiord. In Sec-
tion 5, we give anillustrative exampleof the methodand,
in Section6, we demonstratevhy otherreconstructioral-

gorithmsarenot watershedsThe conclusionsarestatedin

Section?.

2 The IFT-Watershedfrom Mark ers

Many problemsin imageprocessingcanbe interpretedas
an image partition problembasedon a given set of root
pixels whereeachroot definesan influencezoneconsist-
ing of the pixelsthatare“more closelyconnectedo that
root thanto ary other in someappropriatesense.Theim-
age forestingtransform(IFT) reducessuchproblemsto the
computationof a minimum-costpath forestin a directed
graphwhosenodesaretheimagepixelsandwhosearcsare
definedby anadjacencyrelation N betweerpixels. We de-
noteby N (p) the setof pixels adjacento the pixel p (i.e.
its neighbordan thegraph).

Thecostof apathin thisgraphis determinedy asuit-
able path-costfunction f, which usuallydependson local
imagepropertiesalongthe path— suchascolor, gradient,
and pixel position. For suitablepath-costfunctions, one
can choosethe minimum-costpathsso that their unionis
anorientedforest,spanninghewholeimage.The nodesof
agiventreein theforestareby definitiontheinfluencezone
of the correspondingoot.

Theresultof the IFT is an annotatedmage, that as-
signsto eachpixel threeattributes: its predecessoin the
optimumpath,the costof thatpath,andthe corresponding
root. Its solutionis usuallyobtainedin lineartime andre-
quiresa variantof the Dijkstra/Moore/Dials shortest-path
algorithm[4, 10, 3].

In thisframework, thewatershed-from-masks[2] can
be computedby a singleIFT [8], without minimaimposi-
tion, wherethelabeledmarkersarerootpixels. In this case,
therootmapcanbereplaceddy thelabelmapwhich corre-
spondgo the catchmenbasins.The path-cosfunction f,,,
is givenby:

fm(< D1,P2,---,Pn >) =
:{ maz{I(p1),I(p2),...,I(pn)}
+00 otherwise,
1)
wherep;1 € N(p;) andI(p;) is thevalueof the pixel p;
in theimagel.

The watershedbasedon the IFT frameavork may be
simplifiedto thefollowing algorithm:

Algorithm 1 Watershedfrom markers using hierarchical
FIFO queue(H F Q).

INPUT I: inputimage,

L: labeledmarler image;
OuTpruT L: watershedcatcdhmentbasins;
AUXILIARY (' costmap,initialized to infinity;

INITIALIZATION
1. for all pixels L(p) # 0
2. C(p) + I(p),insertp in HFQ with costC(p);

PROPAGATION

3. while HF@Q notempty

4. p+remwvefromHFQ);

5. for eachq € N(p)

6. if C(g) > max{C(p), I(g)}

7. C(q) + max{C(p), I(9)}:

8 Insertg in HFQ with costC(q);
9 L(p) + L(g);

Two points are worth discussingin the above algo-
rithm. Note that the pixels in the queueare never re-
evaluatedas requiredby the original Dijkstra/Moore/Dial
algorithm|[4, 10, 3]. This was explainedin [8] andthe
reasornis thatall the incidentarcsto a nodehave the same
weight. The otherpatrticularityof this algorithmis the use
of a FIFO in the hierarchicalqueue. This is desirableif
onewantsto have theinclusionof a slight modificationof
the path-costo make the catchmenbasinboundariebein
themedialline of plateaugegionsin theimage.The FIFO
propertyof thehierarchicaljueuecanbemodeledby alex-
icographicpath-cosfunctionaspointedoutin [8].

3 Mor phological Reconstruction

Morphologicalreconstructions a powerful operatorin the
framawork of mathematicamorphology It is the building

if p; isamarker pixel



block of connectedperatordesign. In this paper we will

beinterestedn the sup-reconstructioralsocalleddual re-
constructionwhich is relatedto the watershed.The gray
scalesup—reconstructioof imagel from markerimage/J,
J > I is givenby:

¢ (I) = €r’p(J), )

whereer g(J) = eg(J) V I is thegeodesi®rosioneg (I)
is the gray scaleerosionof I by the structuringelement
B andyV is the pointwisemaximumoperator The compo-
sition ™ (I) is the successie applicationof the operator
n—1times:y¥ (¢ (... (w(I)))). Thesup-reconstructiois a
successie sequencef erosionof J by B, pointwisemax-
imumwith I until stability.

An importantproperty provedin [12], is thatthe sup-
reconstructiorf I from J isthesameassup-reconstruction
of I from Ry, whereRj is givenby:

| J(p) if pisregionalminimaof J,
Ry(p) = { 00 otherwise (3)

The regional minima M of a gray scaleimageis the
largestconnectedomponenbf pixelswith samegrayscale
(plateau) suchthatevery neighborpixel of M hasastrictly
highervalue.Fig3 shaws therelationshipbetweenR; and
J.

— RO

Figure3: FunctionsR; andJ.

Vincent[12] hasdescribedseveral morphologicalre-
constructiomalgorithms.TheonebasednaFIFO queuds
shown below.

Algorithm 2 Grayscalereconstructiorusinga queue

INPUT I: gray scalemaskimage,
J: grayscalemarkerimage, J > I;

OuTpPUT J: sup-econstructiorof I fromJ

INITIALIZATION
1. ComputeR, (p) byEq.3;
2. Insertthe pixelsin theregional minimaof JJ in queue;

PROPAGATION
3. while queuenotempty
4.  p + remwefromqueue;

for eachq € N(p)

5

6. it J(q) > J(p) andI(q) # J(q)
7 J(g) + max{J(p), [(9)};

8 Insertq in queue;

Note that algorithms1 and 2 are very similar. We
claimthatthecostmapC of algorithml isthesup-reconstruction
of I from ary grayscalemarker functionJ suchthat:

Ry(p) = { I(p) if L(p) #0, ()

00 otherwise
We canstate:

Proposition1 ThecostmapC in the algorithm 1 is the
morpholgjical reconstructiorof I from any marker image
J suhthatJ > I and Ry is givenby Eq. 4.(SedFig. 4

Figure4: Functions!, Ry andtwo possibles/: J1, J2.

Prove 1l Bothinitialization algorithmsare equivalent the
pixelsthatareinsertedn thequeuearetheregionalminima
of J. In thewatershed theinsertedpixelshavevalue I (p)
at the marlkers. Theothers pixelsnotinsertedin the queue
havecostinfinity. So,bothregional minimaare equivalent
andinsertedin the queue Accodingto Vincent[12], the
propagationorder of thepixelsdoesnotmatterin therecon-
struction. Thetefore, we canreplacethe FIFO in algorithm
2 bytheHFQ of algorithm 1.

Line 6 of algorithm 2 maybe rewritten as: If J(gq) >
J(p) andI(q) < J(q), sinced > I. SoJ(q) mustbe
greaterthan J(p) andgreaterthan I(g), which is equiva-
lent to line 6 of algorithm 1, whete C playstherole of J.

[

The consequencef this factis that the morphologi-
cal reconstructionywhenimplementedy the HFQ, cansi-
multaneoushoutputtheresultof thereconstructiorandthe



catchmentbasinsof I that were propagatedrom the re-
gionalminimaof themarker J. In the IFT framework, the
outputof the reconstructioris given by the costmapand
thewatersheaatchmenbasinsy therootmap. Thisresult
is not new, aswe have presentedn [8] thatthe maximum
costfunction of the IFT-watershedrom markersintrinsi-
cally includesthe minimaimposition,andrecently andin

moredetail,with practicalillustrative exampleswe shaved
that the watershed-from-masss and the superiorrecon-
structionareobtainedat the sametime by a singleIFT [6].

Here we prove this result by reducingthe algorithm 1 to
algorithm?2.

A moreimportantconsequencef the above conclu-
sionis thatwe canshav thatthemorphologicakeconstruc-
tionof I from J, I < J, canbemodeledasthe costmapof
anlFT, wherethe path-cosfunction f,. is givenby:

fT(< D1,DP2,---,Pn >) = ma’x{‘](pl)a I(p2)7 e 7I( 2})
5

Notethat J(p) is the initial costof ary path starting
at p andall pixels p areroot candidateqwe usually call
themseedpixelg. Sucha marler function canbe seenas
aninitial restrictionon the maximumpathcost. However,
sincethe costof a pathfrom a pixel p to a pixel ¢ maybe
lessthan J(gq), only somecandidatepixels will remainas
root pixelsin the minimal-costpathforest. Moreover, we
wishto usethis formulationto computesimultaneouslyhe
morphologicakeconstructiormndthewatershedransform,
without explicit computatiorof any regionalminima. This
is addressedext.

4 The IFT-WatershedFrom Gray ScaleMark er

BeforepresentinghelFT-watershedrom grayscalemarker
we will introducea furtherimprovementof this algorithm
by avoiding the explicit regional minima detectionof the
markerfunction,whichis normallyusedto insertthe pixels
in the HFQ in theinitialization phaseof the IFT algorithm.
This s alsoa contrilbution of thework thatis not published
elsavhere.

The IFT-watershed from gray scalemarker hasthe
sameinput asthe morphologicalsup-reconstructionl as
the imageand J asthe marlker, both gray scaleimages.
Whenthe regionalminimaof J is composedf morethan
one pixel, which is often the case,we would like to have
only oneroot pixel for eachregional minima. We propose
anefficientvariationof theIFT algorithmto make this hap-
pen. In theinitialization step,we setthe initial root map
suchthat all pixels are candidateroot pixels (R(p) = p).
We insertall pixelsin the HFQ with the initial costgiven
by J + 1. Theadditionof oneto theinitial costis theessen-
tial partof thetechnique Whena pixelis removedfrom the
HFQandis arootpixel, it meanst is thefirst of its regional

minima (calledrepresentatie), andassuch,its costis cor-
rectedby subtractingoneto it. Its neighborsbelongingto
the sameregional minima will have their costupdatedin
theHFQ andwill have their root mappointedto therepre-
sentatve of the regional minima. Thetechniqueof adding
onemakesthebehaior of plateausbe dealtcorrectlyin the
FIFO propertyof the HFQ as all pixels in the HFQ will
be updatedasthey wereinsertedwith a higherinitial cost.
Thisremoval andreinsertionin theHFQ for every pixel ex-
ceptthe representatie one of eachregional minimais the
priceto payfor not computingthe regional minimaexplic-
itly. Whenthe HQF is implementedefficiently, it is well
worth adoptingthe approachust described.

The IFT-watershedrom gray scalemarker algorithm
is presentedbelow.

Algorithm 3 IFT-wateishedfromgray scalemarker

INPUT I: grayscaleinputimage,
J: gray scalemarlerimage, J > I,
OuTpPUT J: reconstructiorof I fromJ,

R: catthmentbasinsof the wateished;

INITIALIZATION
1. for all pixels R(p) + p
2. Insertall pixelsp in HFQ with costJ(p) < J(p) + 1;

PROPAGATION

3. while queuenotempty

4. p<+remoefromHFQ;

5. if R(p) = pthenJ(p) + J(p) — 1;
6. for eachg € N(p)

7 if J(g) > max{J(p), I(q)}

8. J(g) + max{J(p), I(9)};

9 R(q) + R(p);

1 Remeeq fromthe HFQ);

1

0.
1. Insertq in the HFQ with costJ(q);

5 lllustrati ve Example

We illustrate a simpleexampleof usingthe IFT-watershed
from grayscalemarker.

Fig. 5 shavs the originalimageK . Theimageis pre-
processedby the gray scaleareaopento remove the white
peaksin the middle of eachcell. Theresultantimagel is
shawvn in Fig 6. Fig. 7 shows the result of the watershed
linesof IFT-watersheaf imagel from agrayscalemarker
obtainedby adding38to theimagel, superposednthein-
putimageK. Theclassicalway of doingthis would befirst
computingimagel; asareconstructiorof I from I + 38
(h-minima)andthencomputingthe watershedransformof
I . Thisfilter h-minimafilter removesary regionalminima
with depthsmallerthank = 38. The classicalapproach
took approximately0.25sto process 256 x 256 imageon



a 1GHz Pentiumand0.15 s to computethe combinedre-
constructionand watershedusing the IFT-watershedrom
grayscalemarker.
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Figureb: ImageK: originalimage.

Figure6: Imagel: grayscaleareaopenof K.

6 Why Other ReconstructionAlgorithms AreNot Wa-
tersheds

UsingthelFT framework, we have shavn thatthemorpho-
logical reconstructiorof I from J, with I < J, is thecost
map of a minimal-costpathforestwith the path-costfunc-
tion f,. givenby Eq.5.

One of the simplestand generalshortestpath algo-
rithms is the oneintroducedby Bermge [1], which wasde-
signedfor the classicalistancepath-cosfunction fy.,, :

Figure7: Watershedines of the IFT-watershedf I from
grayscalemarker I + 38 superposedn theoriginalimage
K.

Pn >) = J(P1) + I(p2) + ...+ I(pn).
(6)
Beme's algorithmis basedon a repetitionuntil stabil-
ity of thefollowing situationthatmustbetruein the short-
estpathsolution. For ary two neighboringnodes,J(g) <
J(p) + I(g). Sothisalgorithmis arepetitionin ary scan-
ning orderof neighboringpixelsof theaboverelation. This
algorithmcanalsocomputethe root mapof the forestpar
titioning.

fsum(< D1,P2,. ..

Algorithm 4 Berme shortespath.

INITIALIZATION
R(p) < p;

repeatuntil stability, usingany scanningorder
if J(q) > J(p) + I(g),q € N(p)
J(g) + J(p) + I(q);
R(q) + R(p);

For the reconstructioralgorithm,we have shovn that
the path-cosfunctionis givenby f, whichis basedon the
maximumpixel valuein the path. Interestinglyis the fact
thatthe Berge algorithmin this casecancomputethe cost
mapcorrectly but nottheroot map.

Reawriting theBergealgorithmusingthepath-costunc-
tion f,. andcomputingonly the costmap,we arrivedat the
following algorithm.



Algorithm 5 Beme minimal-costpathwith f,..

INITIALIZATION
R(p) + p;

repeatuntil stability, usingany scanningorder

it J(q) > max{J(p), I(a)},q € N(p)
(@) — max{J(p), I(@)};

whichis themorphologicakeconstructiomeportecby Vin-
cent[12] whenthe pixels canbe updatedin ary scanning
order

Unfortunatelyit is not possibleto incorporateheroot
map updatingin the Berge algorithm, aswe demonstrate
by a simpleillustrative example. Supposeve have a small
numericimageillustratedin Fig. 8a. The imagehastwo
valleys andeachonehasa non-infinity marker pixel with a
small dot anda small squarebelow the pixel value,in the
figure. If we scanthe pixelsin rasterorder, for right and
down neighborausingthe Bergealgorithm,theresultof the
first scanis presentedn Fig. 8b. After the anti-rasterscan
order (left and up neighbors),note that the two top-right
pixelswith values5 and7 remainedrootedat the squared
dot marker, astheir costarecorrectalreadyafterfirst scan.
Only the scanningorder of the hierarchicalqueuepropa-
gatestherootin theincreasingpath-cosbrderandassuch
canguaranteg¢heroot mapin the path-cosfunction f,..

43127
4357
c)

Figure 8: Berge algorithmsare not watersheds(a) initial
image two markers; (b) rasterscanright-down; (c) anti-
rastereft-up.

It is possibleo computehewatershedransformalgo-
rithm usingthe Berge algorithmonly if the path-cosfunc-
tionis in theform of adistancdunctionof type fsy:». This
is exactly the casepresentedby Meyer in [9] with the defi-
nition of thetopographidistance.

In summarythe morphologicakeconstructiorandthe
watershedransformarewell explainedby theminimal-cost
pathforestusingthe f,. path-costfunction. The Dijkstra /
Moore/ Dial shortespathalgorithmcancomputethe cost
map (reconstruction)and the root map (watershed)f the
minimal-costpathforest. The Bergealgorithmusingthe f,.
path-cosffunction canonly computethe costmap (recon-
struction). This latter algorithmbelongsto the classof the
parallelreconstructioralgorithms.If it is desirableto com-
pute the watershedusing the Berge algorithm becauseof
its suitability to hardwareimplementationthe topographic
distancemustbeused.

7 Conclusionsand Comments

In this paper we have shavn several results. Previously
we have pointedthat the morphologicalreconstructioral-
gorithmbasednthehierarchicaqueuds alsoawatershed
transformation[6]. In this work, we have demonstrated
this resultby shaving the equivalenceof the morpholog-
ical reconstructioralgorithmusinga FIFO queueandthe
costmapof the IFT-watershed-from-masksalgorithm.

We have consolidateheimportanceof the IFT frame-
work, wherethe imageis modeledby a graphand the
minimal-costpathforestis computedesultingin threemaps:
cost,root, andpredecessamaps. In this context, the mor-
phologicalreconstructioris the costmapof a minimal-cost
pathforestusingthe path-cost function f,.(p) of the max-
imum pixel valuesin the path and the pixel value of the
gray scalemarker function at p. We have shawn that the
Bemgeshortespathalgorithmworksfor the computatiorof
the minimal path-cost(reconstruction)put doesnot work
for the computatiorof therootmap(catchmenbasins)for
this kind of path-cost.This is the reasonwhy nonordered
queuebasedeconstructioralgorithmsarenot watersheds.

We haveintroducedhelFT-watershedrom grayscale
marker which is a new conceptwherethe watersheds not
computedfrom a setof labeledmarkers but from a gray
scalefunction. This conceptputs togetherseveral steps
usedin classicalwatershedasedsegmentationstratayies
in asinglealgorithm.

We have presentednefficientIFT-watershedrom gray
scalemarkeralgorithmwhich computesimultaneouslyhe
watershedand the sup-reconstructiorand avoids the ex-
plicit computationof the regional minima of the marlker
function.
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