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Abstract

This paper presents an extension of vibro-acoustography
imaging technique. The standard technique relies on the
single-frequency dynamic radiation force (or stress) pro-
duced by a highly focused dual-frequency ultrasound beam.
We propose a multifrequency vibro-acoustography method
based on the radiation stress generated by a beam with mul-
tiple frequencies. The system point-spread function (PSF) is
obtained in terms of the acoustic emission by a point-target
in response to the employed radiation stress. The PSF is
evaluated for an eight- and a sixteen-element sector array
transducers. Three phantom images are used to show how
the system transforms them into observed data. Consider-
ing only visual criteria such as contrast and resolution, sim-
ulations show the sixteen-element sector transducer renders
better images.

1. Introduction

Vibro-acoustography is an imaging technique that maps
the acoustic response of an object to the dynamic radiation
force (or stress) of ultrasound [1]. The radiation force is pro-
duced by two overlapping ultrasound beams with slightly
different frequencies [2]. This difference is usually in the
kilohertz range. The radiation stress oscillates at the beat
frequency of the ultrasound beams. In response to the ap-
plied stress, the object vibrates emitting an acoustic field
(acoustic emission). A detector can measure the acoustic
emission produced by the object. As the focal point of the
system scans across the object, the magnitude (or phase, in
some cases) of the measured signal is used to synthesize
an image of the object. Vibro-acoustography has been stud-
ied as a potential imaging technique in clinical applications

(seen in Refs. [3, 4, 5]) and nondestructive material evalua-
tion [6].

So far, the underlying principle of vibro-acoustography
is the dynamic radiation stress with a single oscillation fre-
quency. Thus, a vibro-acoustography image of an object
represents its response to the radiation stress at the specific
vibration frequency. The object response to the induced vi-
bration by the radiation stress may vary significantly as the
oscillation frequency changes. This happens because the
mechanical and geometrical properties of the object may
lead to different vibration resonance frequencies [7]. Ap-
plying a radiation stress on an object whose vibration fre-
quency is near the object’s resonance frequency may ren-
der a higher signal-to-noise ratio (SNR) in the detected sig-
nal. Consequently, it might be possible to improve image
contrast by choosing different vibration frequencies. Alizad
et al. [8] have set forth vibro-acoustography images of in
vitro metastatic nodules in liver tissue with different con-
trasts as the vibration frequency where chosen in the range
of 13.3–27.6 kHz. However, the search for better vibro-
acoustography images by choosing different vibration fre-
quencies is time-consuming. An object has to be rescanned
for each chosen frequency.

In this work, we propose the use of multifrequency dy-
namic radiation stress in vibro-acoustography systems.
We present a multifrequency vibro-acoustography im-
age formation theory, which is applied to obtain the
point-spread function (PSF) of systems based on sector ar-
ray transducers [9]. The stress field formation of standard
vibro-acoustography has been investigated for spheri-
cal concave [10], linear array [11], and sector array trans-
ducers [12, 13]. Here, the PSF is numerically evaluated
on the focal plane for an eight- and sixteen-element sec-
tor array transducers. The transducers are driven by four
different ultrasound frequencies resulting five differ-
ent low-frequency bands for the system PSF. The transverse
resolution achieved by each transducer is about 1.0mm2.



Three phantom images are proposed to show how the sys-
tem transforms them into observed data. From a subjective
view point using perceived contrast and spatial resolu-
tion, our results show that the sixteen-element sector trans-
ducer produces better images than those by the other trans-
ducer.

2. Image formation theory

A linear vibro-acoustography imaging system can be
characterized by its PSF, which is defined as the response of
the system to a point-target. The PSF depends on the acous-
tic emission of the point-target, which is caused by the dy-
namic radiation stress. The point-target can be modelled as
an small rigid sphere whose radius a is much smaller than
the wavelength of the ultrasound beams that produce the ra-
diation stress. We, therefore, need to extend the concept of
the dynamic radiation stress to a multifrequency oscillatory
stress exerted on an small sphere.

2.1. Multifrequency radiation stress

Consider a propagating medium as an infinite, homoge-
neous, and lossless fluid with density ρ0 and speed of sound
c0. In a lossless medium, ultrasound waves can be fully de-
scribed in terms of the velocity potential φ(r, t), where r is
the position vector and t is time. The particle velocity in the
medium is given by v = −∇φ, where ∇ is the gradient op-
erator.

The multifrequency dynamic radiation stress may
be produced by N intersecting monochromatic ul-
trasound beams focused at the same point in space.
Each ultrasound beam has angular frequency ωn,
n = 1, 2, . . . , N . We assume that ωm > ωn, when-
ever m > n (m,n = 1, 2, . . . , N). The difference between
a pair of these frequencies is denoted by ∆ω = ωm − ωn.
Using the superposition principle, the velocity poten-
tial of the total incident ultrasound beam is

φ(r, t) =
N∑

n=1

φ̂n(r)ejωnt, (1)

where j is the imaginary unit and φ̂n is the complex ampli-
tude function.

To simplify our theory, we assume that the resulting ul-
trasound beam described in Eq. (1) behaves as N collinear
plane waves in the vicinity of the system focal zone. Thus,
the resulting ultrasound beam behaves like an amplitude-
modulated wave in time for which ∆ωmn are the modu-
lation frequencies. In addition, the radiation force on the
point-target (sphere) located anywhere in the imaging plane
lies in the direction of the ultrasound beam.

Our problem now is to obtain the dynamic radiation
force exerted on an small sphere by N collinear plane

waves. Silva et al. [2] have calculated the dynamic radiation
force on a solid sphere due to two collinear low-amplitude
acoustic plane waves. Based on that result, it is possible to
show that the dynamic radiation force exerted on an small
sphere by the N collinear plane waves is

f(t) = πa2
N∑

(m �=n)=1

kmknŷ∆ωmn
φ̂mφ̂∗

n exp(j∆ωmnt),

(2)
where km = ωm/c0 is the wavenumber of the m-wave and
ŷ∆ωmn

(m,n = 1, 2, . . . , N) is the dynamic radiation force
function. The symbol ∗ denotes the complex conjugate. The
function ŷ∆ωmn

can be obtained by solving the linear acous-
tic scattering of the plane waves m and n by the sphere.

The radiation force described in Eq. (2) defines a force-
field in space. Here, the concept of radiation stress field σ(t)
can be introduced by dividing the radiation force f(t) by the
sphere projected area πa2. Thus,

σ(t) =
N∑

(m �=n)=1

σ̂∆ωmn
exp(j∆ωmnt), (3)

where
σ̂∆ωmn

= kmknŷ∆ωmn
φ̂mφ̂∗

n (4)

is the radiation stress amplitudes. From Eq. (3) we see that
the radiation stress has at most N(N−1)/2 different unique
frequency components ∆ωmn.

2.2. Acoustic emission

We are now interested in calculating the acoustic emis-
sion by a point-target modelled as a rigid movable sphere.
Firstly, we consider the acoustic emission due to one fre-
quency component of the radiation stress, for instance,
n = 1 and m = 2. The sphere vibrates around the co-
ordinate system origin along the z-axis. Let us suppose
that the sphere vibrates in linear regime (small amplitude).
The sphere vibration velocity in the steady-state is given
by v̂21e

j∆ω21t, in which v̂∆ω21 is the complex velocity am-
plitude. The sphere radius is much smaller than the wave-
length of the irradiated wave. Hence, ∆k21a � 1, where
∆k21 = ∆ω21/c0 is the emitted wavenumber. The am-
plitude of the emitted pressure by the oscillating sphere is
given [14], in spherical coordinates, by

p̂∆ω21(r, θ) ∼
∆k21a�1

ρ0c0v̂∆ω21(∆k21a)3 cos θ
e−j∆k21r

2∆k21r
,

(5)
where ‘∼’ denotes approximation. Note that this pressure
field is a dipole radiation, which depend solely on the dis-
tance r and the polar angle θ.

The velocity amplitude v̂∆ω21 of sphere at frequency
∆̂ω21 can described by the sphere mechanical impedance



ẑ∆ω21 as v̂∆ω21 = πa2σ̂∆ω21/ẑ∆ω21 . The acoustic outflow
q̂∆ω21 (the volume of the medium which is displaced per
unit time due to an object vibration per unit force) by the
sphere at the frequency ∆ω21 is related to the mechanical
impedance by q̂∆ω21 = 2πa2/ẑ∆ω21 . Thus, Eq. (5) may be
rewritten as

p̂∆ω21 = ρ0c0σ̂∆ω21 q̂∆ω21 ĝ∆ω21 , (6)

where

ĝ∆ω21 = (∆k21a)3 cos θ
e−j∆k21r

∆k21r

is the object-medium transfer function which depends on
the medium boundary-conditions and object geometry.

Now, we can generalize the acoustic emission due to a
single-frequency radiation stress to that one of a multifre-
quency stress. For the linear vibration regime, the acoustic
emission has the same frequency components as the radi-
ation stress. By using the superposition principle, we may
obtain the acoustic emission due to the radiation stress in
Eq. (3) as follows:

p(r, θ; t) =
N∑

(m �=n)=1

p̂∆ωmn
(r, θ)ej∆ωmnt, (7)

where the emission amplitudes p̂∆ωmn
are given by Eq. (6)

changing the indices 21 by mn.
By using Eq. (4) and (6), we may write the acoustic emis-

sion amplitudes of an sphere located at the position r and
measured at r′ as follows

p̂∆ωmn
(r′|r) = ρ0c0kmknŷ∆ωmn

q̂∆ωmn
φ̂mφ̂∗

nĝ∆ωmn
(r′|r),

(8)
where

ĝ∆ωmn
(r′|r) = (∆kmna)3 cos θ

exp(−j∆kmn|r′ − r|)
∆kmn|r′ − r| .

2.3. Point-spread function

The region of interest has to be scanned by the ultra-
sound beam in order to form a vibro-acoustography im-
age. The scanning process can be accomplished by either
mechanically moving the ultrasound transducer or elec-
tronically steering the beam using linear arrays. In vibro-
acoustography, the image synthesis depends on the acoustic
emission by the objects in the region.

In multifrequency vibro-acoustography, each frequency
component ∆ωmn of the acoustic emission may be used to
generate an image of an object. Therefore, this technique
produces a multiband image. The number of bands of an
image is at most N(N − 1)/2, which is the number of fre-
quency components ∆ωmn.

To define the image of an object we need to represent it
through a function. Referring to Eq. (8), the terms that de-
pend on the object are the dynamic radiation force function

ŷ∆ωmn
and the acoustic outflow q̂∆ωmn

at the frequency
∆ωmn. We assume that the acoustic emission of an ob-
ject (or region) is a linear combination of the emission of
every infinitesimal volume in the object. For an infinitesi-
mal volume, the acoustic emission at the frequency ∆ωmn

is given by Eq. (8). The functions ŷ∆ωmn
and q̂∆ωmn

may
vary within the object. Thus, we define the object function
as

ô∆ωmn
(r) = ŷ∆ωmn

(r)q̂∆ωmn
(r), m �= n.

The ∆ωmn-band of the image of an object is, thus, given by

ı̂∆ωmn
(r) = ô∆ωmn

(r) � ĥ∆ωmn
(r), (9)

where ĥ∆ωmn
(r) is the ∆ωmn-band PSF of the system and

the symbol � denotes spatial convolution. Note the image
function ı̂∆ωmn

(r) is complex.
In analogy with the definition of the single-frequency

vibro-acoustography PSF [15], we may define the ∆ωmn-
band PSF in terms of the ultrasound fields as

ĥ∆ωmn
(r) ≡ Aφ̂m(r)φ̂∗

n(r), (10)

where A is a normalization constant.
The spatial resolution of an imaging system is pro-

portional to the width of the mainlobe of the PSF [16].
Hence, we define the spatial resolution cell of the vibro-
acoustography system as the volume enclosed by the main-
lobe of the PSF at −12 dB.

2.4. Stress field forming

Here, we consider an eight- and a sixteen-element sec-
tor array transducers with aperture radius a and focal dis-
tance z0 (see Fig. 1 for geometric description). Each ar-
ray element is driven by a sinusoidal signal. The signals
of the first four elements have frequencies in the follow-
ing sequence ω1, ω2, ω3, and ω4, counterclockwise. This
sequence is repeated for the rest of array elements in the
same order. Hence, the transducers operated at four differ-
ent frequencies yielding an image with at most six unique
bands.

Let φ̂m (m = 1, 2, 3, 4) be the velocity potential am-
plitude generated by a pair of symmetric elements of the
sector transducer. The ∆ωmn-band PSF on the focal plane
is given by

ĥ∆ωmn
(r, θ) = Aφ̂m(r, θ)φ̂∗

n(r, θ), m(�= n) = 1, 2, 3, 4.
(11)

Notice that r and θ are polar variables in the focal plane. The
velocity potential φ̂m is given by Eq. (12) in which J� is the
�th-order Bessel function of first-kind and k̄m = 2km/F
with km = ωm/c0. The quantity F = z0/(2a) is the trans-
ducer F -number. The amplitude function âm is given by

âm = 2av0 exp
[
−jkm

(
z0 +

r2

2z0

)]
, (13)



φ̂m(r, θ) =
âm

k̄mr

+∞∑
�=0

[
	(2�)m(θ)J2�+1(k̄mr) +

4(� + 1)
k̄mr

+∞∑
�′=0

J2(�+�′+2)(k̄mr)

]
. (12)
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Figure 1: Geometric description of the sector array trans-
ducer and the focal plane.

where v0 is the normal velocity amplitude on the transducer
element. The angular function 	�m is

	�m(θ) =
(−1)�

�
cos

[
�

(
θ − 2m + 1

4
π

)]
sin

(
�π

8

)
,

(14)
where � = 1, 2, . . . and 	0m = π/4.

The leading term of Eq. (12) is πJ1(k̄mr)/(4k̄mr),
which corresponds to the radiation produced by an spher-
ical concave transducer. Further, the velocity potential is
circularly symmetric.

3. Computational simulation

3.1. Numerical evaluation

We evaluated the PSF of sector array transducers
with eight and sixteen elements with similar characteris-
tics to those found in commercial transducers. The aper-
ture size and focal distance are, respectively, 47 mm
and z0 = 75 mm. Each pair of opposite symmetric ele-
ments is driven by a sinusoidal signal. The driving fre-
quencies are 2.00, 2.03, 2.04, and 2.05MHz. Thus, the
imaging system produces five different bands, namely,
∆f21 = 30 kHz, ∆f31 = 40 kHz, ∆f41 = 50 kHz,
∆f32 = ∆f43 = 10 kHz, and ∆f42 = 20 kHz. Be-
cause the 10 kHz band appears twice, the maximal mag-
nitude of the radiation stress of this band is twice that of
the other bands. The speed of sound in the water is as-
sumed to be c0 = 1500 m/s.

Magnitude images have been mostly used in vibro-
acoustography medical imaging applications [5]. Phase
images seem to have less contrast details compared to mag-
nitude ones. Thus, hereafter the system PSF will be re-
ferred to the magnitude of the function ĥ∆ωmn

. The PSFs
were evaluated here through Eq. (10) combined with
Eq. (12).

In Fig. 2, we have the five bands of the PSF for the
eight-element sector transducer with the corresponding ac-
tive array elements. The transverse resolution of each band
is about 1.0mm2. Sidelobe levels for all PSF bands are be-
low −7 dB. The 20 and 40 kHz bands are equivalent, dif-
fering only in the spatial orientation of their lobes; the same
happens with the 30 and 50 kHz bands.

The PSF bands of the sixteen-element sector transducer
with their respective active array elements are shown in
Fig. 3. The spatial resolution of the bands are about the same
as its eight-element counterpart. Sidelobe levels are under
−8.5 dB for the 20 and 40 kHz bands, while for the 10,
30 and 50 kHz bands we have −13 dB. The 20 and 40 kHz
bands are equivalent as well as the 30 and 50 kHz bands.

3.2. Image phantoms

To evaluate how the PSF distorts objects, we de-
signed the three phantoms shown in Fig. 4. The phan-
toms in Figs. 4(a) and 4(b), namely Phantom-1 and
Phantom-2, are composed of lines equally spaced at, re-
spectively, 0.6mm and 1.2mm. The objects in Fig. 4(c)
were chosen to mimic tissue mass lesions (circles) and
brachytherapy metal seeds (rectangles) with varying orien-
tation and contrast. The imaging process of the phantoms
is carried out through the convolution of the object func-
tion with the PSF bands as described in Eq. (9). To image
Phantom-1 and Phantom-2 we used only the 10, 20,
and 50 kHz PSF bands because they are intrinsically dif-
ferent to each other. Phantom-3 was imaged only by the
10 and 50 kHz PSF bands because they have lower side-
lobes.

Figure 5 shows images of Phantom-1 and -2 pro-
duced by the eight-element sector transducer. The 10 and
50 kHz PSF bands did not resolve, respectively, vertical
and horizontal lines present in Phantom-1. Images of
Phantom-2 are distorted exhibiting different patterns.

Figure 6 presents images of Phantom-1 and
Phantom-2 generated by the sixteen-element sec-
tor transducer. Images of Phantom-1 exhibit a fairly
good resolution, with the exception of the one pro-
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Figure 2: The PSFs of the eight-element sector transducer.
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Figure 3: The PSFs of the sixteen-element sector transducer.
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Figure 4: Three phantoms for vibro-acoustography.

duced by the 20 kHz band. The resolution and contrast of
Phantom-2 images are good. These images are slightly
distorted on the edges of the phantom.

Images of Phantom-3 are shown in Fig. 7. The im-
ages made by the eight-element sector transducer present
relatively poor contrast for the center and the rightmost
brachytherapy seeds and the top rightmost mass lesion. Fur-
ther, the contrast inside the centered mass lesions in the
50 kHz image band is blurred due to the high level side-
lobes. The sixteen-element sector transducer rendered bet-
ter images. All structures can be seen in the 10 kHz image
band with good contrast quality. The 50 kHz image band
shows the objects a little bit distorted.

4. Discussion and conclusion

We have presented an image formation theory for mul-
tifrequency vibro-acoustography. The multiband PSF was
computed from the acoustic emission of a point-target in-
duced by multifrequency radiation stress in a lossless fluid.
This stress may be different depending on the medium at-
tenuation properties. A theory for the dynamic acoustic ra-
diation force in attenuating media has not yet been devel-
oped in the literature.
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Figure 5: Magnitude images by the eight-element trans-
ducer.

Sector array transducers with eight and sixteen el-
ements were modelled to produce multiband vibro-
acoustography images. Such transducers are commercially
available and, thus, suitable for preliminary multifre-
quency vibro-acoustography studies. Both transducers
were driven by four sinusoidal signals different frequen-
cies which are around 2MHz. The transverse resolution
produced by both transducers is around 2.0mm2. Such res-
olution can be further improved by increasing the driving
frequencies or augmenting the aperture size.

Images of Phantom-1 by both transducers are blurred
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Figure 6: Magnitude images by the sixteen-element trans-
ducer.

because the line spacing is about half of the system lateral
resolution. Phantom-2 was fairly resolved by the trans-
ducers; however, different artifacts appeared took place in
each image band. This happened, mainly, because high side-
lobes with different spatial orientation are present in the
PSF bands (see Figs. 2 and 3). Sidelobes produced by the
sixteen-element sector transducer (−13 dB) are almost two
times as small as those produced by the eight-element trans-
ducer. The sidelobe levels are still too high compared to
those produced by spherical two-element confocal trans-
ducers (−34 dB) [13], which are widely used in vibro-
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at 50 kHz.
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Figure 7: Magnitude images of Phantom-3.

acoustography in vitro applications.
Improvement on sidelobes produced by multifrequency

vibro-acoustography systems based on sector array trans-
ducers needs further investigation. Mismatching the ultra-
sound beams that produce the radiation stress field may re-
duce sidelobes. Moreover, using a sector transducer with
thirty-two elements and keeping four different driving fre-
quencies may yield lower sidelobes. An alternative for sec-
tor transducers in multifrequency vibro-acoustography ap-
plications are linear arrays. These transducers allow beam
steering and focusing by electronically de-phasing the driv-
ing signals applied to the array elements. Linear arrays were
already studied for vibro-acoustography systems [11].

Images of Phantom-3 revealed how the imaging sys-
tem distorted objects. High sidelobes degraded the contrast
in the images. However, the 10 kHz band produced by the
sixteen-element sector transducer exhibited reasonable con-
trast and resolution. The depth-of-field of the system PSF
was not taken into account on the image simulations.

In multifrequency vibro-acoustography, we gain infor-
mation at many more vibration frequencies within the time
it takes to do one scan. As presented in the paper, we have
five-fold more information in the acquired data from the



acoustic emission than for the single frequency case. This
information gain is at the expense of reducing the amount of
acoustic emission received in comparison to the similar sin-
gle frequency scanning. Thus, this may reduce the signal-
to-noise ratio in some image bands.

The contrast of vibro-acoustography images may vary
with object resonance frequencies. Including object reso-
nances in the vibro-acoustography image formation theory
is out of the scope of this paper.

In conclusion, a vibro-acoustography technique that pro-
duces multiband images was proposed. Simulated images
presented are encouraging for future experimental system
development.
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