Pruning Optimum-Path Forest Classifiers Using
Multi-Objective Optimization

Douglas Rodrigues
Department of Computing
Federal University of Sdo Carlos
Sédo Carlos, Brazil
E-mail: douglasrodrigues.dr@ gmail.com

Abstract—Multi-objective optimization plays an important role
when one has fitness functions that are somehow conflicting
with each other. Also, parameter-dependent machine learning
techniques can benefit from such optimization tools. In this paper,
we propose a multi-objective-based strategy approach to build
compact though representative training sets for Optimum-Path
Forest (OPF) learning purposes. Although OPF pruning can
provide such a nice representation, it comes with the price of
being parameter-dependent. The proposed approach cope with
that problem by avoiding the classifier to be hand-tuned by
modeling the task of parameter learning as a multi-objective-
oriented optimization problem, which can be less prone to
errors. Experiments on public datasets show the robustness of
the proposed approach, which is now parameterless and user-
friendly.

I. INTRODUCTION

Optimization techniques have been widely used in several
research areas, since many problems usually refer to the task of
finding the minimum or maximum of a given function. Some
challenges such as the allocation of resources, product delivery
for logistic companies, and cutting-and-packing problems with
direct application in industries are among the most widely
pursued tasks.

In regard to optimization techniques, a considerable at-
tention has been given to nature-inspired meta-heuristics,
i.e., approaches that aim at solving several problems using
concepts based on physical process, social dynamics and/or
the behavior of living beings [1], [2], [3], [4], [5]. [6], [7].
Since such techniques are quiet elegant to solve optimization
problems, they have been applied for solving multi-objective
optimization problems, where the idea of a unique global
optimal solution is replaced by a non-dominated solution set,
the so-called Pareto-optimal set [8], [9], [10], [11], [12], [13].

Meta-heuristic multi-objective optimization techniques have
become popular to solve many optimization problems in the
field of engineering [14], [15], [16], [17], [18], [19], [20].
However, such techniques have a wider range of applications,
mainly in the context of machine learning-oriented prob-
lems, which are usually composed of several multi-objective
tasks [21]. It is very common to face problems in which we
need to find out the best set of parameters (e.g., a neural
network architecture) that lead to both high recognition rates
and low computational burden.
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Parameter-dependent machine learning techniques are often
preferable to cope with real-world problems, since they can
be adjusted to fit better to a given application. Support
Vector Machines (SVMs) [22], Neural Networks (NNs) [23]
and Optimum-Path Forest (OPF) [24], [25], [26] are some
examples of parameter-dependent techniques, just to name a
few. Although OPF comprises a collection of classifiers, being
some of them parameterless, new problems may require some
of them to be parameterized. Papa et al. [27] proposed to
design compact though representative training sets by means of
learning the most important samples during training, thus dis-
carding the remaining ones preserving similar or even higher
accuracy [28], [29], [30]. Such process is ruled by a parameter
that controls the desired loss in accuracy with respect to the
final pruned training set when compared to the original one.
Later on, Nakamura et al. [31] modeled the problem of finding
the OPF pruning parameter automatically as a mono-objective
optimization problem. In fact, they combined both information
of training set size and accuracy in a single equation (fitness
function) for further optimization.

Actually, since a good recognition accuracy does require
a considerable training set size (for most applications where
training is complex), these two criteria fit perfectly into a
multi-objective optimization problem, since they are conflict-
ing with each other. Therefore, the main contribution of this
paper is apply meta-heuristic multi-objective algorithms to the
Optimum-Path Forest pruning algorithm in order to obtain
compact and representative training sets without the need
for the desired loss and the maximum number of iteration
parameters. The experiments showed the robustness of the
proposed approach in a number of datasets.

The remainder of this paper is organized as follows.
Section II presents the theoretical background about multi-
objective optimization, while Section III presents the OPF
classifier and its pruning strategy. Section IV discusses the
experiments, and Section V states conclusions and future
works.

II. MULTI-OBJECTIVE OPTIMIZATION

The multi-objective optimization problem aims at finding
the global minimum x* € & that minimizes a set of M
functions represented by f, i.e.:
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where p and ¢ represent the number of equality ¢(-) and
inequality constraints h(-), and S € R stands for the search
space.

In a multi-objective problem, there is no single solution
that is optimal with respect to all objectives when considering
conflicting objectives. Thus, the solution to a multi-objective
optimization problem is no longer a scalar value, but a vector
in the form of a “trade-off” known as Pareto-optimal set.

Firstly, we define the Pareto Dominance, where a solution
vector x? is said to dominate another solution vector x”
(e, x* < x%) if f(2¢) # f(2?),¥i = {1,2,...,N}, and
Ji € {1,2,..., N} such that f(2%) < f(«%). In regard to the
Pareto Dominance, a solution vector x® is considered Pareto-
optimal if, for every x’, f;(x*) # f;(x°), i = 1,2,..., M,
and if there exists at least one j € {1,2,...,M} such
that f;(x%) < f;(x®). Therefore, the Pareto-optimal set P*
considering a multi-objective optimization problem f(x) with
respect to all Pareto-optimal solutions is thus defined as
follows:

P*={xeS|f(x) <f(x), & €S} 4)

The Pareto-optimal front PF* with respect to a multi-
objective optimization problem f(Z) and the Pareto-optimal
set P* is defined as follows:

PF* ={f(x) | x e P*}. (3)

One way to solve multi-objective optimization problems
is to combine all objectives into a single-objective problem.
Hence, the idea of scalarized multi-objective optimization is
to convert a problem of minimizing the vector x into a scalar
optimization problem [32]. The weighted-sum method is one
of the most used approach, in which several objective functions
are combined into a single one through a weight vector. Thus,
a problem with multiple objective functions is reduced to a
single optimization problem subject to the original constraints,
and the choice of the value of each weight is performed
according to a preference assigned to each objective function:

M
X" = arg min (; Wi fr (X)> , (6)

with Zgl w; = 1. A single point of the Pareto front will
be produced by a given a weight vector. A sufficiently large
number of weight vectors generate a good approximation to
the true Pareto front. If the weights are positive for all ob-
jectives, the solutions to the problem are Pareto optimal [32],
[33]. The weights are calculated as follows:
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where w; ~ U(0, 1).

III. OPTIMUM-PATH FOREST

Let D = D" U D be a \-labeled dataset such that D"
and D' stand for the training and testing sets, respectively.
Additionally, let s € D be an n-dimensional sample that
encodes features extracted from a certain data, and d(s, v) be
a function that computes the distance between two samples s
ev,veD.

Let G'" = (D', A) be a graph derived from the training
set, such that each node v € D! is connected to every other
node in D'"\{v}, i.e. A defines an adjacency relation known
as complete graph (Figure la illustrates such training graph),
in which the arcs are weighted by function d(-, -). We can also
define a path 7, as a sequence of adjacent and distinct nodes
in G*" with terminus at node s € D'". Notice a trivial path is
denoted by (s), i.e. a single-node path.
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Fig. 1. Illustration of the OPF working mechanism: (a) a two-class (orange
and blue labels) training graph with weighted arcs, (b) a MST with prototypes
highlighted, and (c) optimum-path forest generated during the training phase
with costs over the nodes (notice the prototypes have zero cost).



Let f(ms) be a path-cost function that essentially assigns a
real and positive value to a given path 7, and S be a set of
prototype nodes. Roughly speaking, OPF aims at solving the
following optimization problem:

min f(7y), Vs € D. (8)

The good point is that one does not need to deal with
mathematical constraints, and the only rule to solve Equation 8
concerns that all paths must be rooted at S. Therefore, we
must choose two principles now: how to compute S (prototype
estimation heuristic) and f(7) (path-cost function).

Since prototypes play a major role, Papa et al. [24] proposed
to position them at the regions with the highest probabilities
of misclassification, i.e. at the boundaries among samples
from different classes. In fact, we are looking for the nearest
samples from different classes, which can be computed by
means of a Minimum Spanning Tree (MST) over G!". The
MST has interesting properties, which ensure OPF can be
errorless during training when all arc-weights are different to
each other [34]. Figure 1b depicts a MST with prototypes
highlighted.

Finally, with respect to the path-cost function, OPF requires
f to be a smooth one [35]. Previous experience in image
segmentation led the authors to use a chain code-invariant
path-cost function, that basically computes the maximum arc-
weight along a path, being denoted as f,,4, and given by:

0 ifsesS
frmaz((s)) { +00  otherwise,
fmax (7'{'3 . (S’ t)) = Inax{fmax (7'('5), d(S, t)}7 ©)

where 7, - (s,t) stands for the concatenation between path
ms and arc (s,t) € A. In short, by computing Equation 9 for
every sample s € D", we obtain a collection of optimum-path
trees (OPTs) rooted at S, which then originate an optimum-
path forest. A sample that belongs to a given OPT means it is
more strongly connected to it than to any other in G!". Roughly
speaking, the OPF training step aims at solving Equation 9
in order to build the optimum-path forest, as displayed in
Figure lc. A gentle implementation of the aforementioned
procedure is given by Algorithm 1.

Line 1 calls SelectPrototypes function, which computes
the minimum spanning tree over the input graph, selects
prototypes as the connected elements with different classes
(Figure 1b), and finally it outputs the prototype set S. Lines
2—4 and 5—7 initialize the prototypes and remaining samples,
respectively, where Cy stands for the cost of sample s, and
Py denotes its predecessor in the optimum-path forest. Line
8 creates a priority queue based on the input graph and the
cost of each sample (for such purpose, LibOPF implements a
binary heap).

The main loop in Lines 9 — 17 is in charge of the OPF
competition process, in which Line 10 removes a sample s
from the priority queue whose cost is minimum, and Line 11
inserts s in the ordered list K (such list will be used to speed

Algorithm 1: OPF with Complete Graph - Training Al-
gorithm
Input: A A-labeled training graph G'" = (D", A) and
the distance function d.
Output: An optimum-path forest P, label map L, cost
map C, and a list of nodes ordered by their
costs (ascending order) K.
S <« SelectPrototypes(G');
for s € S do
Cs < 0;
Py «<NIL;

for s € D'"\S do
Cy < 00;
| P, NIL;

@ < BuildPriorityQueue(D'",C); K <« 0;

9 while Q # () do

10 Remove from () a sample s whose Cy is minimum,;
u K+ KU{s};

12 | forveD"\sdo

D wn B W N -

*®

13 tmp + max{Cs,d(s,v)};
14 if (tmp < C,) then

15 Cy < tmp;

16 P, < s;

17 Ly + A(s);

8 return [P, L,C, K;

—

up the classification phase). The inner loop in Lines 12 — 17
evaluates all neighbors of s in order to conquer them, and
line 13 computes f,,q, as described by Equation 9. When
sample v is conquered by s (Lines 15 — 17), the cost (Line
15), predecessor (Line 16) and label map (Line 17) of v are
updated.

The next step concerns the testing phase, where each sample
t € D' is classified individually as follows: t is connected to
all training nodes from the optimum-path forest learned in the
training phase (Figure 2a), and it is evaluated the node v* &
D" that conquers t, i.e. the one that satisfies the following
equation:

Cy = argmin max{Cy, d(v,t)}. (10)
ve’Dt’r‘
The classification step simply assigns L(t) = A(v*), as

depicted in Figure 2b. Roughly speaking, the testing step aims
at finding the training node v that minimizes Cy.

The example displayed in Figure 2 shows an interesting
situation: although t is closest to a sample from “yellow” class,
it has been labeled to the another class, which emphasizes OPF
is not a distance-based classifier, but instead it uses the “power
of connectivity” among samples. The OPF with complete
graph degenerates to a nearest neighbor classifier only when
all training samples are prototypes. Actually, such situation is
considerably difficult to face, thus indicating a high degree of
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Fig. 2. Illustration of the OPF classification mechanism: (a) sample t is
connected to all training nodes, and (b) t is conquered by v* and it receives
the “blue” label.

overlapping among samples, which means the features used for
that specific problem may not be adequate enough to describe
it. Algorithm 2 implements the OPF classification procedure.
Notice this algorithm uses the ordered list of notes K, where
k; € K stands for a node in D', to speed up the classification
step, as proposed by Papa et al. [26].

Algorithm 2: OPF Classification Algorithm

Input: Classifier [Py, C1, L1, K], test set D', and the
distance function d .

Output: Label Ly and predecessor P, maps defined for

D, and accuracy value Acc.

Auxiliary: Cost variables ¢mp and mincost.

1 for each t € D' do

2 i < 1, mincost < max{C1(k;),d(k;,t)};

3 Lg(t) — Ll(ki), Pg(t) — ki

4 while i < |K| and mincost > Ci(ki;1) do

5 Compute tmp < max{Ci(kit1,d(kiy1,t};

6

7

8

if tmp < mincost then
mincost < tmp;
L Lg(t) — Ll(ki+1), Pg(t) — k‘i+1;
9 141+ 1;

10 Compute accuracy Acc according to [24];
u return [Lo, Ps, Accl;

A. Learning with Pruning of Irrelevant Patterns

Large datasets usually present redundancy, so at least in
theory it should be possible to estimate a reduced training

set with the most relevant patterns for classification. The use
of a training set D" and an evaluating set D’ has allowed
OPF to learn relevant samples for D" from the classification
erros in D, by swapping misclassified samples of D and
non-prototype samples of D" during a few iterations [24].
In this learning strategy, D' remains the same size and the
classifier instance with the highest accuracy is selected to be
tested on the unseen set D', Algorithm 3 implements this
learning procedure.

Algorithm 3: OPF Learning Algorithm

Input: A \-labeled training and evaluating sets D'" and
D", respectively, number 7' of iterations, and
distance function d.

Output: Optimum-path forest P;, cost map C1, label

map L1, ordered set K and MaxAcc.

Auxiliary: Arrays F'P and F'N of sizes c for false

positives and false negatives, set .S of
prototypes, and list LM of misclassified
samples.

1 Set MaxAcc + —1;

2 for each iteration I =1,2,...,T do

3 LM < 0 and compute the set S C D" of prototypes;

4 [P, Cy, Ly, K] < Algorithm 1(D'", S, d);

5

6

for each class i do

| FP(i) < 0 and FN(i) 0.
7 [La, P2, Acc] +Algorithm 2([Py, Cy, L1, K|, D, d);
if Acc > MaxAcc then

[Py, Cf, Ly, K*| + [P, Ch, Ly, KJ;

10 MaxAce < Acc;

1 while LM # 0 do

12 LM + LM\{t};

13 Replace ¢ by a non-prototype sample randomly
selected from D'";

4 return [P}, CY, L;, Z*] and MazAcc;

—

The efficacy of Algorithm 3 increases with the size of
D", because more non-prototype samples can be swapped by
misclassified samples of D¢’. However, for sake of efficiency,
we need to choose a reasonable maximum size for D!". After
learning the best training samples for D!, we may also mark
paths in P used to classify samples in D¢’ and define their
nodes as relevant samples in a set R. The “irrelevant” training
samples in D"\R can then be moved to D*’. Algorithm 4
applies this idea repetitively, while the loss in accuracy on DY
with respect to the highest accuracy obtained by Algorithm 3
(using the initial training set size) is less or equal to a
maximum value MLoss specified by the user or there are no
more irrelevant samples in D",

In Algorithm 4, Lines 1 —3 compute learning and classifica-
tion using the highest accuracy classifier obtained for an initial
training set size. Its accuracy is returned in Acc and used as
reference value in order to stop the pruning process when the
loss in accuracy is greater than a user-specified MLoss value,



Algorithm 4: OPF Pruning Algorithm

Input: Training and evaluating sets, D" and D,
labeled by ), distance function d, maximum loss
M Loss in accuracy on D¢, and number T' of
iterations.
Output: OPF classifier [Py, C1, L1, Z] with reduced
training set.
Auxiliary: Set R of relevant samples, and variables Acc
and tmp.
[Py, Cy, Ly, K] < Algorithm 3(D'", D¢, T, d);
[L2, P>, Acc] < Algorithm 2([Py,Cy, Ly, K], D, d);
tmp < Acc and R + 0;
while (Acc — tmp) < M Loss, R # D' do
R« 0;
for each sample t € D’ do
S < Pg(t) € Dtr;
while s £ NIL do
R+ RUs;
L s+ Pyi(s);

e 0 NN T R W N -

—
>

11 | Move samples from D" \{R} to D*;
2 | [P, C1, L1, K] + Algorithm 3(D', D%, T, d);
13 | [La, Py, Acc] +Algorithm 2([Py, Cy, Ly, K]), D, d);

—

4 return [P, Cy, Ly, KJ;

or when all training samples are considered relevant. The main
loop in Lines 4 — 13 essentially marks the relevant samples
in D" by following the optimum paths used for classification
(Lines 6 — 10) backwards, moves irrelevant samples to D",
and repeats learning and classification from a reduced training
set until it reaches the above stopping criterion.

IV. EXPERIMENTAL RESULTS

In this section, we present the experimental results with
respect to the proposed approach to optimize OPF prun-
ing. In order to minimize both the OPF classification error
and the training set size, we considered the following opti-
mization techniques: Multi-objective Black Hole Algorithm
(MOBHA) [36], Multi-objective Cuckoo Search (MOCS) [37],
Multi-objective Firefly Algorithm (MOFFA) [38] and Multi-
objective Particle Swarm Optimization (MOPSO) [39]. Ad-
ditionally, we employed ten benchmark datasets, being eight
from UCI repository! and two private: NTL-Comercial and
NTL-Industrial. Notice we set the number of possible solu-
tions, m = 10, and the number of iterations 7' = 10. We used
50%, 30% and 20% for the training, evaluating and testing
set percentages, respectively. In regard to the source-code, we
used the LibOPT [40].

The proposed approach aims at modeling the problem of
automatically tuning the M Loss parameter and the number
of iterations 7' by means of a multi-objective problem, which

Uhttp://archive.ics.uci.edu/ml/

means we are going to use the OPF classification error over the
evaluating set and the training set size as the fitness functions
to be minimized. Mathematically speaking, the aforemen-
tioned problem can be formulated as follows:

(an

x* = arg@gé% (w1 f1(x) + wafa(x)),

where f1(x) stands for the the OPF classification error over
the evaluating set, and f>(x) denotes the training set size. As
such, we opted to approach the problem as a scalarized multi-
objective problem, as previously discussed in Section II.

Table I displays the number of samples, number of features,
and number of classes for each dataset. Notice we decided
to evaluate the robustness of the proposed approach under
different scenarios.

TABLE I
DESCRIPTION OF THE BENCHMARKING DATASETS.

| Dataset | No. samples | No. features | No. classes |

German Numer 1,000 24 2
Tonosphere 351 34 2
MPEG-7 1,400 180 70
Pendigits 7,494 16 10
Satimage 4,435 36 6
Sonar 208 60 2
Splice 1,000 60 2
SVM-Guide 2 391 20 3
NTL-Comercial 4952 8 2
NTL-Industrial 3182 8 2

Table II presents the parameter configuration for each
meta-heuristic optimization technique. The parameters were
set based on empirical studies conducted over a number of
experiments.

TABLE II
PARAMETERS USED FOR EACH TECHNIQUE.

Technique Parameters

PSO c1 =1.7,co =1.7,w=0.7
CS a=0.1,p, = 0.25
FFA a=028=1,v=1
BHA -

In order to evaluate the techniques compared in this work,
we used a measure F' that considers the results of both fitness
functions as follows:

P accuracy over the test set

— - (12)
training set size

Therefore, since one aims at using smaller training sets and

obtaining higher accuracy rates, the greater the value of F,

the better the technique is.

Table IIT presents the OPF classification accuracy over the
test set and the training set size. However, Table IV displays
the F" values for each optimization technique considered in this
work, where the values in bold stand for the best results. No-
tice OPF denotes the standard classifier, i.e., without pruning
samples. It is worth noting that MOBHA obtained the best



results in German Numer, MPEG-7 and Pendigits datasets.
MOCS achieved the best F' values in SVM-Guide 2, NTL-
Comercial and NTL-Industrial datasets. Concerning Splice and
Sonar datasets, the highest values belong to MOFFA, while
the better results in Ionosphere and Satimage datasets were
achieved by MOPSO.

Clearly, one can observe the multi-objective techniques
obtained better results than standard OPF in all datasets. Also,
different optimization techniques obtained the best results in
distinct datasets, although they have performed similarly in
all situations. Another interesting point to observe concerns
the stability of the methodology employed in this work. The
results presented in Table IV stand for a single run over
the datasets. Although Equation 11 initializes w; and ws
with random values, we have observed that different runs,
i.e., experiments with other values for these variables, did
not influence the final results. Probably, the results would be
different if we have used more fitness functions, as well as the
decision variables (M Loss and T') seem to stabilize both the
accuracy and training set size after some time.

Table V displays the classification time over the testing set
(miliseconds) regarding the proposed approach to find M Loss
and 7. One can observe that MOBHA obtained the lowest
classification time in German Numer, MPEG-7, Pendigits,
SVM-Guide 2 and NTL-Comercial datasets, thus obtaining a
gain of 322%, 272%, 419%, 322% and 454%, respectively,
in terms of computational load. With respect to Ionosphere,
Satimage, Sonar and NTL-Industrial datasets, MOPSO ob-
tained the lowest classification time with gains of 390%,
363%, 313% and 413%, respectively. MOCS obtained the best
classification time in Splice dataset achieving a gain of 368%.
Therefore, we can highlight the gain in efficiency concerning
the proposed multi-objective OPF pruning algorithm.

V. CONCLUSIONS

The very basic idea of OPF pruning is to learn the most
representatives samples in order to create a compact training
set. However, OPF pruning is parameter-dependent (M Loss
and T"), and finding the proper values for such parameters can
be a hard task.

In this paper, we proposed to use well-known meta-heuristic
algorithms in order to find near-optimal values concerning the
aforementioned parameters. The experiments were conducted
over 10 datasets in order to show the robustness of the
proposed approach. We have observed that all meta-heuristic
algorithms obtained I’ values considerably better than standard
OPF, indicating a good compactness of the training sets, being
MOBHA and MOCS the ones that obtained the best results in
the majority datasets. Also, we can highlight the improvements
in the computational load.

In regard to future works, we intend to work on a many-
objective optimization model by adding more fitness functions,
such as pruning less representative OPF prototypes. We be-
lieve that keeping more prototypes, we can also obtain more
accurate results.
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