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Devwudfw1 Vrph hvwlpdwruv iru wkh vshfwudo ghqvlw| ri wkh uhwxuq lq V|qwkhwlf Dshuwxuh Udgdu +VDU,
lpdjhv duh vwxglhg xvlqj Prqwh Fduor h{shulhqfhv1 Wkh vshfwudo ghqvlw| lv dq lpsruwdqw txdqwl�hu ri wkh
wh{wxuh wkdw/ lq wxuq/ fdq eh uhodwhg wr elrsk|vlfdo pdjqlwxghv dqg lw fdq eh xvhg wr hvwdeolvk wkh nlqg
ri wdujhw ehlqj revhuyhg1 Wkhvh lpdjhv duh frqwdplqdwhg e| d sduwlfxodu nlqg ri qrlvh/ fdoohg vshfnoh/
wkdw ghsduwv iurp wkh fodvvlfdo k|srwkhvlv ri reh|lqj wkh Jdxvvldq odz dqg ri hqwhulqj wkh vljqdo lq
dq dgglwlyh pdqqhu uhtxlulqj/ wkxv/ d fduhixo wuhdwphqw1 Wkh ghsduwxuh iurp wkh Jdxvvldq odz zloo eh
prghohg khuh e| phdqv ri wkh N glvwulexwlrq1 Wklv odz dulvhv iurp fhuwdlq +yhu| uhdolvwlf, k|srwkhvlv iru
wkh uhodwlrqvkls ehwzhhq vljqdo dqg qrlvh1 Wkh hpslulfdo revhuydwlrq ri vwuxfwxuhg gdwd lv prghohg e| wkh
xvh ri vsdwldo fruuhodwlrq1 Wkhuh duh wzr dssurdfkhv wr wkh sureohp ri wkh suhvhqfh ri vshfnoh qrlvh/ rqh
ehlqj wkh xvh ri whfkqltxhv iru lwv uhgxfwlrq +xvxdoo| vshfldoo| ghylvhg �owhuv, dqg wkh rwkhu wkh sursrvdo
ri phwkrgrorjlhv wkdw wdnh lwv suhvhqfh lqwr dffrxqw1 Wkhvh dssurdfkhv zloo eh frpsduhg khuh/ wr wkh
sureohp ri hvwlpdwlqj wkh vsdwldo fruuhodwlrq vwuxfwxuh ri wkh jurxqg wuxwk1 Wkh shuirupdqfh ri wkhvh
hvwlpdwruv zloo eh dvvhvvhg xvlqj Prqwh Fduor h{shulhqfhv/ vlqfh wkh sureohp lv dqdo|wlfdoo| lqwudfwdeoh1

4 Lqwurgxfwlrq

Dq lpdjlqj udgdu lv d v|vwhp iru hduwk revhuydwlrq
edvhg rq dq hplwwlqj dqg uhfhlylqj ghylfh wkdw rshu0
dwhv lq wkh udqjh ri plfurzdyhv1 Wkh v|vwhp vhqgv d
sxovh ri hohfwurpdjqhwlf hqhuj|/ wkh wdujhwv uhdfwv wr
wklv vwlpxoxv dqg/ hyhqwxdoo|/ sduw ri wklv hqhuj| lv uh0
wxuqhg wr wkh v|vwhp1 Wklv uhwxuq vljqdo/ li dydlodeoh/
lv surfhvvhg rq rughu wr lqihu derxw wkh surshuwlhv ri
wkh wdujhw1

Lpdjlqj udgdu v|vwhpv frqvwlwxwh d pdmru dgydqfh
lq uhprwh vhqvlqj/ vlqfh wkh| doorz wkh rewdlqphqw ri
glhohfwulf surshuwlhv ri wdujhwv lqghshqghqwo| ri wkh
dydlodelolw| ri qdwxudo looxplqdwlrq +wkh| fduu| wkhlu
rzq vrxufh ri hqhuj|, dqg ri wkh zhdwkhu frqglwlrqv
+plfurzdyhv duh xqd�hfwhg/ wr d juhdw h{whqw/ e| forxgv/
irj/ udlq/ vprj hwf1,1 Ehvlghv wkhvh ghvludeoh surshu0
wlhv/ wkh iuhtxhqf| ri wkh vljqdo hpsor|hg lv deoh wr
shqhwudwh fdqrs| dqg rwkhu pdvvhv1

Wkh whup v|qwkhwlf uhihuv wr wkh idfw wkdw odujhu
dqwhqqdv dqg/ wkxv/ juhdwhu uhvroxwlrqv/ duh rewdlqhg
zlwk surfhvvlqj whfkqltxhv1 Wkhvh fkdudfwhulvwlfv doorz
wkh xvh ri v|qwkhwlf dshuwxuh udgdu +VDU, v|vwhpv iru
frqwlqxrxv hduwk prqlwrulqj1

Wkh vwdwlvwlfdo surshuwlhv khuh suhvhqwhg duh frp0
prq wr hyhu| lpdjh jhqhudwhg zlwk frkhuhqw looxpl0
qdwlrq/ dv lv wkh fdvh ri xowudvrxqg/ odvhu dqg vrqdu1

Wkh uhohydqw lqirupdwlrq suhvhqw lq wkhvh lpdjhv lv
frqfhqwudwhg lq wkh phdq furvv vhfwlrq1 Wklv txdq0
wlw| lv vhqvlwlyh wr pdq| sdudphwhuv wkdw fkdudfwhul}h
wkh wdujhw/ dv glhohfwulf frqvwdqw dqg vxuidfh urxjk0
qhvv/ dprqj rwkhu1 Hdfk lqglylgxdo fhoo lq wkh lpdjh
+sl{ho, kdv wklv lqirupdwlrq/ exw lw lv fruuxswhg e| wkh
vshfnoh qrlvh/ zklfk lv gxh wr lqwhuihuhqfh skhqrphqd
lq wkh uh�hfwhg vljqdo1

Wkh sxusrvh ri wklv zrun lv wkh dvvhvvphqw ri wkh
h�hfw ri vshfnoh qrlvh lq wkh delolw| wr lqihu wkh surs0
huwlhv ri wkh wdujhwv/ pruh vshfl�fdoo|/ wr hvwlpdwh wkh
vsdwldo fruuhodwlrq vwuxfwxuh wkurxjk wkh hvwlpdwlrq ri
wkh vshfwuxp1 Wkh vsdwldo fruuhodwlrq ri wkh lpdjh
gdwd lv d yhu| lpsruwdqw ihdwxuh/ vlqfh lw doorzv wkh glv0
fulplqdwlrq dprqj gl�huhqw w|shv ri wdujhwv/ dqg lw lv
uhtxluhg iru vrph qrlvh uhgxfwlrq whfkqltxhv +vhh ^8`,1

Lq wklv sdshu zh vkdoo whvw lq d frqwuroohg foxw0
whu hqylurqphqw wkh shuirupdqfh ri vrph furvv vhfwlrq
srzhu vshfwuxp hvwlpdwruv/ zklfk kdyh ehhq douhdg|
suhvhqwhg lq ^4`1 Wklv hvwlpdwruv duh edvhg rq fodvvlfdo
hvwlpdwhv ri wkh uhwxuq dqg qrlvh vshfwuxp/ olnh vdp0
soh shulrgrjudp dqg vprrwkhg vdpsoh shulrgrjudp/
vr zh vkdoo vwxg| wkh shuirupdqfh ri wkhvh hvwlpdwhv
edvhg rq wkh shuirupdqfh ri wkh rwkhu hvwlpdwhv lq0
yroyhg lq pdnlqj wkhp1 Dq dffxudwh hydoxdwlrq ri wkh
huuru lq wkh hvwlpdwlrq lv dqdo|wlfdoo| wrr gl�fxow wr eh
shuiruphg lq wkh jhqhudo fdvh1 Dffruglqjo|/ zh suhvhqw



d frpsdulvrq dprqj irxu hvwlpdwruv edvhg rq vlpxod0
wlrq1

5 Wkh Pxowlsolfdwlyh Prgho iru VDU Lpdjhv

Wkh prgho iru VDU lpdjhv khuh suhvhqwhg lv wkh rqh
vwxglhg lq ^9/ <`1

Frqvlghu +v4> v5, 5 ]5/ d wzr0glphqvlrqdo yhfwru
uhsuhvhqwlqj wkh srvlwlrq +d}lpxwk dqg udqjh, lq wkh
glvfuhwh grpdlq1 Zkhq dq hohfwurpdjqhwlf zdyh lv vhqw
wrzdugv wkh srvlwlrq +v4> v5,/ wkh sk|vlfdo surshuwlhv
ri wkh wdujhw fdxvh fkdqjhv lq wkh skdvh ri wkh vlj0
qdo !+v4> v5, dqg lq lwv dpsolwxgh D+v4> v5,1 Wkh VDU
v|vwhp revhuyhv lq hyhu| frruglqdwh wkh sdlu ri ydoxhv
+D frv+!,> D vlq+!,,/ zhljkwhg e| lwv srlqw vsuhdg ixqf0
wlrq1 Wklv frpsoh{ qxpehu kdv lqirupdwlrq derxw wkh
phdq furvv vhfwlrq �/ pdvnhg e| wkh vshfnoh qrlvh1

Wkh sdudphwhu � pd| eh frqvwdqw dfurvv wkh wdu0
jhw +dv lv wkh fdvh lq pdq| fursv dqg judvv duhdv,/ ru lw
pd| �xfwxdwh +dv lq iruhvwv,1 Wklv sl{ho0wr0sl{ho ydul0
dwlrq gh�qhv wkh frqfhsw ri wh{wxuh iru VDU lpdjhv1
D srvvleoh zd| wr fkdudfwhul}h wklv lqirupdwlrq lv frq0
vlghulqj wkh ydoxhv ri � dv wkh rxwfrph ri d vwrfkdvwlf
surfhvv1 Wkh xvxdo wh{wxuh phdvxuhv lq wklv frqwh{w
duh wkh ghqvlw| dqg vrph kljkhu rughu prphqwv ri wkh
surfhvv1

Ohw xv qrz gh�qh wkh surfhvv V = 
 $ F]
5

/ wkdw
uhsuhvhqwv wkh frpsoh{ uh�hfwlylw| lq hyhu| uhvroxwlrq
fhoo/ l1h1/ hdfk rxwfrph iV+$,j]5 ri wkh surfhvv ghqrwhv
wkh srvvleoh dpsolwxgh dqg skdvh �xfwxdwlrqv fdxvhg
e| wkh diruhphqwlrqhg lqwhuihuhqfh skhqrphqd1

Wkh uhodwlrqvkls ehwzhhq gdwd dqg qrlvh lv/ iru
VDU lpdjhv +vhh ^;`,/ pxowlsolfdwlyh dqg/ wkxv/ fdq eh

vwdwhg dv V @ [ �\ / zkhuh[ = 
$ U]
5

uhsuhvhqwv wkh
dpsolwxgh ri wkh uhwxuqhg vljqdo +jlyhq e| [ @

s
�,/

dqg wkh frpsoh{ surfhvv \ = 
 $ F]
5

prghov wkh
vshfnoh qrlvh1 Lqghshqghqfh fdq eh dvvxphg ehwzhhq
[ dqg \ 1 Dgglwlrqdo k|srwkhvlv duh

41 Wkh surfhvvhv[ dqg \ duh vwdwlvwlfdoo| vwdwlrqdu|/
dw ohdvw wr wkh vhfrqg rughu1

51 Wkh surfhvv \ lv d zklwh qrlvh1

Iru wkh ydolglw| ri wkh �uvw k|srwkhvlv lw lv hvvhqwldo
wr kdyh H+�v, @ � iru hyhu| v 5 ]5/ l1h1/ wkh h{shfwhg
ydoxh ri wkh phdq edfnvfdwwhu lv dvvxphg frqvwdqw1

6 Lqwhqvlw| pxowlorrn irupdw

D yhu| frqyhqlhqw uhdo surfhvv/ qdpho| ] @ mVm5 fdq
eh frqvwuxfwhg iurp wkh frpsoh{ uh�hfwlylw| V1 Wkhuh0
iruh/ \L @ m\ m5 zloo ghqrwh wkh lqwhqvlw| vshfnoh/ dqg
xvlqj wkh pxowlsolfdwlyh prgho rqh kdv ] @ �\L =

Wkh frpsoh{ irupdw kdv pruh lqirupdwlrq wkdq
wkh lqwhqvlw| rqh ^5/ <`/ exw wkhvh irupdw lv dydlodeoh
iru d olplwhg qxpehu ri vhqvruv1

D vlpsoh phwkrg iru vshfnoh qrlvh uhgxfwlrq lv wkh
pxowlorrn irupdw/ zklfk frqvlvwv ri wdnlqj wkh phdq
ryhu q +lghdoo| lqghshqghqw, vdpsohv ri wkh vdph udq0
grp surfhvv1 Dvvxplqj wkdw wkh u0wk revhuydwlrq lv
Vu>+v4>v5, @ +[ � \u,+v4> v5,/ li 4 � u � q/ wkhq wkh q0

orrnv vljqdo lv jlyhq e| V @ �\L / zkhuh \L lv wkh phdq
ri q revhuydwlrqv ri wkh vshfnoh surfhvv/ fruuhvsrqglqj
wr q gl�huhqw lpdjhv dqg zkhuh lw lv dvvxphg wkdw wkh
rxwfrph ri [ grhv qrw ydu| lq wkhvh q lpdjhv1

Wkrxjk wkh qxpehu ri orrnv q vkrxog eh/ lq sulqfl0
soh/ dq lqwhjhu wklv lv vhogrp wkh fdvh vlqfh wkh revhuyd0
wlrqv duh/ lq sudfwlfh/ qrw lqghshqghqw1 Lwv hvwlpdwlrq
lv vwxglhg lq ^43`1

7 Glvwulexwlrqv iru urxjk wdujhwv

Dvvxplqj ydolg wkh pxowlsolfdwlyh prgho/ wkh frpsoh{
uhwxuq iurp hdfk sl{ho fdq eh zulwwhq dv V @

s
�\ 1

Vshfnoh lq frpsoh{ irupdw kdv elyduldwh Jdxvvldq glv0
wulexwlrq/ zlwk }hur phdq dqg fryduldqfh pdwul{
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vr wkh uhdo dqg lpdjlqdu| frpsrqhqwv duh lqghshq0
ghqw dqg htxdoo| glvwulexwhg1 Xqghu wklv dvvxpswlrq
wkh lqwhqvlw| vshfnoh \l reh|v dq h{srqhqwldo odz zlwk
xqlwdu| phdq1

Vlqfh pxowlorrn lpdjhv duh iruphg wdnlqj wkh phdq
ryhu q lqghshqghqw vdpsohv/ pxowlorrn vshfnoh reh|v d
�+q> q, odz/ zlwk ghqvlw|

j\L +|, @
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Wkh phdq furvv vhfwlrq wkdw fkdudfwhul}hv urxjk
wdujhwv fdq eh prghohg e| dqrwkhu � glvwulexwlrq/ zlwk
ghqvlw| jlyhq e|

j�+�, @
��

�+�,
���4 h{s+��@�,> �> �> � A 3>

zkrvh h{shfwhg ydoxh lv �
�
/ dqg zkhuh � dqg � duh

fdoohg vkdsh dqg vfdoh sdudphwhuv/ uhvshfwlyho|1
Wkh dghtxdf| ri wklv prgho kdv ehhq h{whqvlyho|

dvvhvvhg iurp erwk wkh wkhruhwlfdo dqg hpslulfdo srlqwv
ri ylhz1

Pdq| dssolfdwlrqv dvvxph wkdw wkh surfhvv � reh|v
wkh �+�>�, glvwulexwlrq lq hyhu| frruglqdwh/ dqg wkdw
glvwlqfw srvlwlrqv duh lqghshqghqw1 Lq wklv zrun wkh dv0
vxpswlrq ri lqghshqghqfh zloo eh uhsodfhg e| d pruh
uhdolvwlf prgho ri vsdwldo fruuhodwlrq1



Dprqjvw wkh pdq| dydlodeoh zd|v wr lqfrusrudwh
vsdwldo fruuhodwlrq/ d zhdn vwdwlrqdu| surfhvv zloo eh
dvvxphg khuh1 Lq grlqj vr/ lw lv qhfhvvdu| wr dgrsw d
fkdudfwhul}dwlrq iru wkh surfhvv/ vlqfh wkh surgxfw ri
wkh pdujlqdo ghqvlwlhv lv qr orqjhu d ydolg h{whqvlrq1

Wr eh frqvlvwhqw zlwk wkh � prgho dvvxphg iru wkh
pdujlqdo gdwd/ d idplo| ri fruuhodwhg � udqgrp ydul0
deohv vkrxog eh xvhg exw/ gl�huhqwo| iurp wkh Jdxvvldq
fdvh/ wkhuh lv qr xqltxh fkdudfwhul}dwlrq ri vxfk prgho1

8 Shulrglf prgho iru VDU lpdjhv dqg vshfwudo

hvwlpdwlrq

Vrph surshuwlhv ri wkh vshfwuxp zloo eh vwxglhg khuh
dqg/ iru wklv wdvn/ lw lv frqyhqlhqw wr dvvxph wkdw wkh
lpdjh ru vxe lpdjh xqghu vwxg| lv d vdpsoh iurp d sh0
ulrglf wzr glphqvlrqdo vljqdo wkdw kdv ehhq fruuxswhg
e| vshfnoh qrlvh lq d pxowlsolfdwlyh pdqqhu/ dv suhyl0
rxvo| suhvhqwhg1

Ohw xv uhfdoo wkdw d wzr glphqvlrqdo vwrfkdvwlf
surfhvv ] lv vdlg shulrglf li X+v4> v5, @ X+v4.Q4> v4, @
X+v4> v5.Q5, lq hyhu| +v4> v5, 5 ]5/ zkhuh Q4 dqg Q5

duh srvlwlyh lqwhjhuv1 Li wkhvh duh wkh vpdoohvw srvvleoh
qxpehuv vxfk wkdw wkh surshuw| krogv/ wkhq wkh| duh
fdoohg wkh krul}rqwdo dqg yhuwlfdo shulrgv/ uhvshfwlyho|1
Lw lv hdv| wr vhh wkdw hyhu| shulrglf duud| zlwk krul0
}rqwdo dqg yhuwlfdo shulrgv Q4 dqg Q5 lv frpsohwho|
vshfl�hg e| Q4Q5 frqyhqlhqw ydoxhv/ zklfk olh lq wkh
uhjlrq

UQ4Q5
@ iv = 3 � v4 � Q4 � 4> 3 � v5 � Q5 � 4j>

qdpho| wkh ixqgdphqwdo shulrg1 Lq wklv zrun/ wkh kru0
l}rqwdo dqg yhuwlfdo shulrgv zloo eh htxdo/ Q4 @ Q5 @
Q/ vr zh zloo uhihu wr wkh fruuhvsrqghqw ixqgdphqwdo
shulrg e| UQ 1

Ohw �/ \ dqg ] eh shulrglf/ qrq0qhjdwlyh vwrfkdv0
wlf surfhvv/ hdfk zlwk ixqgdphqwdo shulrg UQ / vxfk
wkdw wkh| reh| wkh pxowlsolfdwlyh prgho ]+v4> v5, @
�+v4> v5,\ +v4> v5,1 Zh zloo dvvxph wkdw � prghov wkh
whuudlq phdq furvv vhfwlrq/ wkdw \ lv wkh q0orrn lqwhq0
vlw| vshfnoh dqg wkdw ] lv wkh q0orrn lqwhqvlw| uhwxuq
lpdjh1

Qrwlfh wkdw li X lv dq| shulrglf surfhvv wkhq iru
hdfk frruglqdwh +v4> v5, 5 UQ wkh Irxulhu frh�flhqw

ri X lq +v4> v5,/ lv jlyhq e|

aX+v4>v5, @
4

Q5

Q�4[
n4@3

Q�4[
n5@3

X+n4>n5,$
�

v4n4>Q
$�v5n5>Q

iru hyhu| 3 � v4> v5 � Q � 4 dqg $n>Q @ h{s+ 5�n
Q

,1

Wkh ixqfwlrq aX lv fdoohg Irxulhu vhulhv ri X 1
Lq ^4` lw lv suryhg wkdw li X lv d vwrfkdvwlf wzr0

glphqvlrqdo zhdno| vwdwlrqdu| surfhvv/ l1h1/ li iru hyhu|
+v4> v5,> +w4> w5, 5 ]5 krogv wkdw

41 H+X+v4>v5,, @ �X dqg wkdw

51 H+X+v4>v5,=X+w4>w5,, @ UX +v4 � w4> v5 � w5,

wkhq wkh srzhu vshfwuxp ri X lv wkh ixqfwlrq VX
wkdw vdwlv�hv

VX +v4> v5, @

@ H+ aX+v4> v5,
� aX+v4> v5,,

@
4

Q5

Q�4[
n4@3

Q�4[
n5@3

UX +n4> n5,$n4v4>Q$n5v5>Q >

iru hyhu| 3 � v4> v5 � Q � 4/ zkhuh � ghqrwhv wkh
frpsoh{ frqmxjdwh1

Lw lv dovr suryhg wkdw li wkh surfhvv \ wkdw prg0
hov wkh vshfnoh qrlvh lv d wzr0glphqvlrqdo xqfruuhodwhg
vwrfkdvwlf shulrglf q0orrnv zklwh qrlvh surfhvv/ wkhq

V�+v4> v5, @
4

q5

�
V]+v4> v5,�

4

4 . q
V]

�

zkhuh

V] @
4

Q5

Q�4[
n4@3

Q�4[
n5@3

V]+n4> n5,=

Iurp wklv zh frqfoxgh wkdw lw lv srvvleoh wr hvwl0
pdwh V� xvlqj hvwlpdwruv iru V]1

Wklv sdshu h{sdqgv wklv hduolhu uhvxowv/ lq wkh iro0
orzlqj gluhfwlrqv=

41 dq dffxudwh foxwwhu vlpxodwlrq zlwk vshfl�hg fru0
uhodwlrq surshuwlhv/ edvhg rq fruuhodwhg Jdppd
yhfwruv/ zloo eh rewdlqhg>

51 xvlqj wklv �hogv dv lqsxw gdwd/ d frpsdulvrq eh0
wzhhq wkh shuirupdqfh ri hvwlpdwruv ri V� zloo eh
dfklhyhg1

Wkh hvwlpdwruv ri V] wkdw zh zloo zrun zlwk duh
wkh vdpsoh shulrgrjudp/ dqg wkh vdpsoh shulrgrjudp
vprrwkhg zlwk wzr zlqgrzv/ wkh Wxfnh|0Kdqqlqj dqg
wkh Kdpplqj rqhv1 Wkhvh hvwlpdwruv zloo eh dssolhg
wr erwk udz +xqsurfhvvhg, dqg �owhuhg gdwd1

9 Fruuhodwhg Jdppd glvwulexwlrq

Dvvxph X lv d zhdno| vwdwlrqdu| vwrfkdvwlf surfhvv
zlwk ixqgdphqwdo shulrg UQ / dqg qrq wulyldo dxwr0
fryduldqfh ixqfwlrq1 Wkh gh�qlwlrq ri d udqgrp sur0
fhvv zlwk fruuhodwhg Jdppd glvwulexwlrq lv qrw dq hdv|
wdvn/ vlqfh wkhuh qr xqltxh gh�qlwlrq1 Lq wklv zrun/ wkh
gh�qlwlrqv suhvhqwhg ^:` zloo eh xvhg1

Gh�qlwlrq 914 D udqgrp yhfwru X 3 lv vdlg wr kdyh d

fruuhodwhg Jdppd glvwulexwlrq li hdfk frpsrqhqw reh|v

d Jdppd odz1



Gh�qlwlrq 915 D vwrfkdvwlf surfhvv lv vdlg wr kdyh d

fruuhodwhg Jdppd glvwulexwlrq li dq| vxevhw ri ydul0

deohv ri wkh surfhvv/ vhhq dv d yhfwru/ kdv fruuhodwhg

Jdppd glvwulexwlrq1

: Pxowlyduldwh Uhgxfwlrq Phwkrg

Wklv phwkrg doorzv wkh rewdlqphqw ri d udqgrp �hog
zlwk pdujlqdo � glvwulexwlrqv zlwk vkdsh sdudphwhu
� @ p@5/ p lqwhjhu/ exw wklv olplwdwlrq lv ri qr sudf0
wlfdo h�hfw iru wkh dssolfdwlrqv zh ehdu lq plqg= VDU
lpdjhv ^43`1 Lw lv edvhg rq wkh jhqhudwlrq ri Jdxv0
vldq �hogv/ lqghshqghqw dprqj wkhp exw zlwk d fhuwdlq
fruuhodwlrq lqqhu vwuxfwxuh1 Rqfh wkhvh �hogv duh vlp0
xodwhg/ wkh ydoxhv dprqj fruuhvsrqglqj fr0ruglqdwhv
duh vtxduhg dqg dgghg1 Lq wklv zrun lw lv ri sduwlfx0
odu lqwhuhvw wkh jhqhudwlrq ri d sduwlfxodu fruuhodwlrq
vwuxfwxuh= wkdw lqgxfhg e| wkh �owhulqj zlwk d pdvn1

Gh�qlwlrq :14 Frqvlghu wkh shulrglf ixqfwlrq H zlwk

ixqgdphqwdo shulrg UQ jlyhq e|

H+v4> v5, @

;AAAA?
AAAA=

h{s+�4
5
v5
4
.v5

5

o5
,, li v 5 U4

h{s+�4
5
+Q�v4,

5.v5
5

o5
, li v 5 U5

h{s+�4
5
v5
4
.+Q�v5,

5

o5
, li v 5 U6

h{s+�4
5
+Q�v4,

5.+Q�v5,
5

o5
, li v 5 U7

zkhuh U4 @ iv @ +v4> v5, = 3 � v4> v5 �
Q
5 j/ U5 @ iv =

Q
5 . 4 � v4 � Q � 4> 3 � v5 �

Q
5 j/ U6 @ iv = 3 �

v4 �
Q
5
> Q
5
.4 � v5 � Q � 4j/ dqg U7 @ iv = Q

5
.4 �

v4> v5 � Q � 4j1
Frqvlghu dovr H4 = ] $ U wkh rqh0glphqvlrqdo

ixqfwlrq zlwk shulrg U @ i3> = = = > Q � 4j jlyhq e|

H4+m, @

+
h{s+� 4

5
m
5

o5
, 3 � m � Q

5

h{s+�4
5
+Q�m,5

o5
, Q

5 . 4 � m � Q � 4
+4,

Qrwh wkdw H lv d vhsdudeoh ixqfwlrq/ l1h1/ iru hyhu|

+v4> v5, 5 UQ krogv wkdw H+v4> v5, @ H4+v4, �H4+v5,1

Lw fdq eh vhhq wkdw wkh Irxulhu wudqvirup ri H4/
aH4+v4, @ Q�4

SQ�4
n@3 H4+n,$�v4n>Q > lv d srvlwlyh uhdo

ixqfwlrq/ vr lw kdv rqh dqg rqo| rqh vtxduh urrw1

Gh�qlwlrq :15 Ohw �4 = ] $ U eh wkh ixqfwlrq gh0

�qhg e| �4+v4, @
SQ�4

n@3

t
aH4+n,$nv4>Q zlwk shulrg

U @ i3> = = = >Q � 4j / dqg ohw � = ]5 $ U eh wkh sh0

ulrglf ixqfwlrq zlwk ixqgdphqwdo shulrg UQ jlyhq e|

�+v4> v5, @ �4+v4,�4+v5,1

Lw krogv wkdw

� � �+v4> v5, @
Q�4[
w4@3

Q�4[
w5@3

�+w4> w5,�+v4 � w4> v5 � w5,

@ H+v4> v5,>

zkhuh

�+v4> v5, @

;?
=

�+Q � v4> v5, li v 5 U5

�+v4> Q � v5, li v 5 U6

�+Q � v4> Q � v5, li v 5 U7

Gh�qlwlrq :16 Ohw �n zlwk 4 � n � 5�/ eh lqghshq0

ghqw shulrglf zklwh qrlvh Jdxvvldq vwrfkdvwlf surfhvvhv

zlwk ixqgdphqwdo shulrg UQ 1 Frqvlghu dovr wkh shul0

rglf surfhvvhv �n/ 4 � n � 5�/ zlwk ixqgdphqwdo shulrg

UQ gh�qhg e|

�n+v4> v5, @ +� � �n,+v4> v5,

@
Q�4[
w4@3

Q�4[
w5@3

�n+w4> w5,�+v4 � w4> v5 � w5,

Qrwh wkdw wkh surfhvvhv �n gh�qhg deryh vdwlvi|
wkh iroorzlqj surshuwlhv

41 wkh| duh pdujlqdoo| iruphg e| Jdxvvldq udqgrp
yduldeohv/ vlqfh �n+v4> v5, � Q+3> 45 +� � �,+3>3,,>

51 H+�n+3> 3,�n+v4> v5,, @
4
5
+���,+v4> v5, @

4
5
H+v4> v5,1

61 �+�+3>3,> �+v4> v5,, @ H+v4> v5,

Gh�qlwlrq :17 Ohw � eh wkh shulrglf vwrfkdvwlf surfhvv

zlwk ixqgdphqwdo shulrg UQ gh�qhg e|

�+v4> v5, @
5�[

n@4

�5n+v4> v5, ; +v4> v5, 5 UQ >

dqg dovr frqvlghu � A 31 Gh�qh/ iru hyhu| +v4> v5, 5
UQ / wkh vwrfkdvwlf surfhvv � e| �+v4> v5, @ ��+v4> v5,1

Wkh iroorzlqj vwdwhphqwv krog=

41 Wkh vwrfkdvwlf surfhvv � lv shulrglf/ zhdno| vwd0
wlrqdu| zlwk fruuhodwhg glvwulexwlrq dqg �+v4> v5, �
�+�> 4,1

51 Wkh vwrfkdvwlf surfhvv � lv shulrglf/ zhdno| vwd0
wlrqdu| zlwk fruuhodwhg Jdppd glvwulexwlrq vxfk
wkdw

+d, �+v4>v5, � �+�> �,/ wkhuhiruh H+�+v4> v5, @
�
�

dqg Y du+�+v4> v5, @
�
�5
1

+e, Wkh frh�flhqw ri fruuhodwlrq ri wkh surfhvv �
lv jlyhq e| �+�+v4>v5,> �+3>3,, @ H5+v4> v5,=

+f, Lwv qrupdol}hg dxwr0fruuhodwlrq ixqfwlrq lv jl0
yhq e| u�+v4> v5, @ 4 . 4

�
H5+v4> v5,1

+g, Lwv dxwr0fruuhodwlrq ixqfwlrq lv U�+v4> v5, @
�5

�5
+4 . 4

�
H5+v4> v5,,1

+h, Lw fdq eh vhhq wkdw lv vshfwudo ghqvlw| ixqf0
wlrq lv V�+v, @

4
Q5

S
n5UQ

+n4> n5,$n4v4.n5v5>Q 1



:14 Vlpxodwlrq ri khwhurjhqhrxv wdujhwv

Wkh diruhphqwlrqhg pxowlyduldwh uhgxfwlrq phwkrg zdv
lpsohphqwhg lq wkh LGO 815 ghyhorsphqw sodwirup iru
Zlqgrzv1 Wkh dojrulwkp/ lq svhxgr odqjxdjh/ lv dv
iroorzv=

41 Jhqhudwh �n Jdxvvldq zklwh qrlvh �hogv zlwk ydul0
dqfh 4@5/ 4 � n � �1

51 Gh�qh h4+m, @ h{s+�4
5
m5

o5
, li 3 � m � Q

5 / dqg

h4+m, @ h4+Q � m, li Q
5
. 4 � m � Q � 41

61 Gh�qh

#5+v4> v5, @
s
IIW+h4>�4,+v4,=IIW+h4>�4,+v5,

71 Gh�qh �n @ IIW +#5= IIW +�n>�4,> 4,/ 4 � n �
5�1

81 Gh�qh � @ 4
�

S5�
n@4 �

5
n1

91 Jhqhudwh \ � �+q> q,/ zkhuh q lv wkh qxpehu ri
orrnv ri wkh �qdo lpdjh1

:1 Uhwxuq ] @ �\ 1

Lq wklv dojrulwkp IIW+X>�4, dqg IIW+X>4, uhs0
uhvhqw wkh gluhfw dqg lqyhuvh Irxulhu wudqvirup/ uhvshf0
wlyho|1 Wkh| duh hydoxdwhg zlwk d urxwlqh edvhg rq wkh
Idvw Irxulhu Wudqvirup dojrulwkp1 Wkh eljjhu wkh sd0
udphwhu � wkh vorzhu wkh vlpxodwlrq dojrulwkp zloo eh/
vlqfh wkh pruh fruuhodwhg Jdxvvldq udqgrp �hogv zloo
kdyh wr eh jhqhudwhg1 Wkh glvwulexwlrq ri wkh surg0
xfw ri wkh lqghshqghqw glvwulexwhg udqgrp yduldeohv lv
nqrzq dv Lqwhqvlw| N/ dqg lw kdv d fhqwudo uroh lq VDU
lpdjh dqdo|vlv +vhh/ iru lqvwdqfh/ ^5`,1

Wkh iroorzlqj lpdjhv duh frqvwuxfwhg zlwk irxu
gl�huhqw vkdshv sdudphwhuv dqg irxu gl�huhqw ohqjwkv
ri fruuhodwlrq1 Iljxuh 4 vkrzv vl{whhq lpdjhv zlwk
Jdppd fruuhodwhg glvwulexwlrq> wkhvh duh vdpsohv ri
wkh jurxqg wuxwkv wr eh hvwlpdwhg wkurxjk wkh sur0
fhgxuhv wkdw zloo eh suhvhqwhg lq vhfwlrq ;1 Iljxuh 5
h{klelwv vl{whhq N0fruuhodwhg lpdjhv zlwk wkh vdph sd0
udphwhuv dqg wkuhh qxpehuv ri orrnv1 Wkhvh duh vdp0
sohv ri wkh gdwd wkdw zloo eh xvhg e| wkh �uvw wkuhh
dojrulwkpv wr eh suhvhqwhg lq wkh iroorzlqj vhfwlrq1

; Vdpsoh dqg vprrwkhg shulrgrjudpv

Li UQ @ i+v4> v5, = 3 � v4> v5 � Q � 4j zlwk Q @ 5n/
dqg n lqwhjhu/ zh gh�qh wkh vhw FUQ @ ix = UQ $ Fj
zlwk wkh fdqrqlfdo surgxfw

kx> yl @
4

Q5

Q�4[

v4@3

Q�4[

v5@3

x+v4> v5,y+v4> v5,
�> +5,

Iljxuh 4= Vl{whhq Jdppd fruuhodwhg lpdjhv/ zlwk � 5
i3=8> 4> 4=8>5j ydu|lqj lq wkh urzv dqg fruuhodwlrq odj
c 5 i4>5> 7> ;j ydu|lqj lq wkh froxpqv1

Iljxuh 5= Vl{whhq N fruuhodwhg lpdjhv fruuhvsrqglqj
wr wkh Jdppd fruuhodwhg �hogv vkrzq lq Iljxuh 41



iru hyhu| sdlu ri frpsoh{ frpsoh{ pdwulfhv x> y 5 FUQ 1
Iru hyhu| +v4> v5, 5 UQ ohw $+v4>v5, 5 FUQ eh gh�qhg
dv $+v4>v5,+n4> n5, @ $n4v4>Q$n5>v5>Q 1 Lw fdq eh suryhg
wkdw

+$+3>3,> = = = > $+3>Q�4,> = = = > $+Q�4>3,> = = = > $+Q�4>Q�4,,

lv dq ruwkr0qrupdo edvlv ri FUQ / zlwk uhvshfw wr wkh
lqqhu surgxfw gh�qhg lq ht1 +5,/ fdoohg Irxulhu edvlv1
Wkhuhiruh/ li x 5 FUQ / wkh Irxulhu wudqvirup lv gh�qhg
dv

ax+v4> v5, @ kx>$+v4>v5,l

@
4

Q5

Q�4[

n4@3

Q�4[

n5@3

x+n4> n5,$+v4>v5,+n4> n5,
�=

Gh�qh wkh vhw ri iuhtxhqflhv dvvrfldwhg wr UQ dv
IQ @ i�+v4> v5, @ + 5�v4

Q
> 5�v5

Q
, = +v4> v5, 5 UQj1

Gh�qlwlrq ;14 Wkh vdpsoh shulrgrjudp ri wkh frp0

soh{ vhtxhqfh x 5 FUQ lv wkh ixqfwlrq LQ +x, =$ ^3>.4,
jlyhq e| LQ +x,+�+v4> v5,, @ max+v4> v5,m

51

Li X lv d zhdno| vwdwlrqdu| vwrfkdvwlf surfhvv dqg
x @ X+$, lv d vdpsoh ri wklv surfhvv/ wkh vdpsoh dxwr0
fruuhodwlrq ixqfwlrq ux = UQ $ F lv gh�qhg/ iru hyhu|
v4> v5 5 UQ / dv wkh grxeoh vxppdwlrq ux+v4> v5, @

Q�5
SQ�v4�4

n4@3

SQ�v5�4
n5@3

x+n4> n5,x+n4 . v4> n5 . v5,�1
Lw fdq eh vhhq wkdw

LQ +x,+�+v4> v5,, @

@
4

Q5

Q�4[

n4@3

Q�4[

n5@3

uxx+n4> n5,$+v4>v5,+n4> n5,>

zkhuh uxx lv d vxppdwlrq ri vdpsoh dxwr0 fruuhodwlrqv/
wkdw hvwlpdwh wkh dxwr0fruuhodwlrq ri wkh surfhvv UX @
H+X++w4>w5,X

�

+v4.w4>v5.w5,
, lq wkh ydoxhv ri wkh shulrg

UQ 1 Wkhq/ vlqfh

VX +v4> v5, @

@ H+m aX+v4> v5,m
5,

@
4

Q5

Q�4[

n4@3

Q�4[

n5@3

UX +n4> n5,$+v4>v5,+n4> n5,

lw lv srvvleoh wr hvwlpdwh wklv ixqfwlrq zlwk LQ +x,1
Qhyhuwkhohvv/ LQ grhv qrw kdyh d jrrg shuiru0

pdqfh forvh wr wkh hgjhv ri UQ / vr lw lv dgylvdeoh wr
frqyhqlhqwo| zhljkw wkh revhuydwlrqv/ dqg wkhq hvwl0
pdwh wkh shulrgrjudp ^7`1 Lq rwkhu zrugv/ lqvwhdg ri
zrunlqj zlwk wkh revhuyhg ydoxhv ix+v4> v5,> +v4> v5, 5
UQj/ wkh zhljkwhg gdwd

id+v4> v5,x+v4> v5,> +v4> v5, 5 UQj

zloo eh xvhg/ zlwk

d+v4> v5, @ k+
v4

Q � 4
,k+

v5

Q � 4
,>

zkhuh k = ^3> 4`$ ^3>4`/ k+3, @ 3/ k+4, @ 41 Wzr ixqf0
wlrqv xvxdoo| irxqg lq wkh olwhudwxuh zloo eh khuh frq0
vlghuhg= wkh Wxfnh|0Kdqqlqj zlqgrz jlyhq e| kW +v, @
4

5
+4� frv+5�v,,/ dqg wkh Kdpplqj zlqgrz gh�qhg dv

kK +v, @ 3=87� 3=79 frv+5�v,1

< Vlpxodwlrq dqg Uhvxowv

Li } = UQ $ U lv wkh lpdjh vdpsoh xqghu vwxg|/ re0
wdlqhg e| wkh vlpxodwlrq phwkrg suhylrxvo| suhvhqwhg/
wkh iroorzlqj hvwlpdwruv iru wkh vshfwuxp ri wkh xq0
ghuo|lqj surfhvv ] zloo eh frqvlghuhg= wkh vdpsohg sh0
ulrgrjudp LQ +},/ wkh vprrwkhg shulrgrjudp ryhu wkh
Wxfnh|0Kdpplqj zlqgrz LQ>W +},/ dqg wkh vprrwkhg
shulrgrjudp ryhu wkh Kdpplqj zlqgrz/ LQ>K +},1 Wkh
fruuhvsrqghqw hvwlpdwruv ri � duh

SQ +�, @
4

q5

�
LQ +},�

4

q.4
LQ +},

�

SQ>W +�, @
4

q5

�
LQ>W +},�

4

q.4
LQ>W +},

�

SQ>K+�, @
4

q5

�
LQ>K+}, �

4

q. 4
LQ>K +},

�

zkhuh q lv wkh qxpehu ri orrnv ri wkh lpdjh }1
Dsso|lqj wkh Ohh �owhu/ +vhh ^5/ 8`, wr }/ zlwk d

zlqgrz ri vl}h 6 � 6 wkh lpdjh e� lv rewdlqhg1 Wklv
lpdjh lv dq hvwlpdwru ri wkh wuxh lqfruuxswhg lpdjh
� dqg/ wkhuhiruh/ lw vkrxog eh srvvleoh wr hvwlpdwh
V� gluhfwo| zlwk wkh vdpsoh shulrgrjudp SQ>I +�, @
LQ +Ohh�ow+},,1 Wkh vdpsohv vkrzq lq Iljxuh 5/ diwhu
ehlqj vxeplwwhg wr wklv vshfnoh uhgxfwlrq whfkqltxh/
duh vkrzq lq Iljxuh 61 Wkhvh duh wkh lqsxw gdwd iru
wkh hvwlpdwru SQ>I / wkdw xvhv �owhuhg lpdjhv1

Wkh Ohh �owhu lv d orfdo olqhdu plqlpxp phdq
vtxduh huuru �owhu/ ghulyhg iurp d olqhdul}dwlrq ri wkh
pxowlsolfdwlyh prgho/ e| Wd|oru h{sdqvlrq/ durxqg wkh
phdq1 Wklv dssur{lpdwlrq wudqvirupv wkdw prgho lqwr
dq dgglwlyh rqh/ dqg wkhq wkh Zlhqhu �owhu lv dssolhg1

Wkhvh irxu hvwlpdwruv zhuh lpsohphqwhg lq wkh
LGO 815 sodwirup/ dv zhoo dv d jrrg dssur{lpdwlrq ri
wkh wuxh srzhu vshfwudo ghqvlw|

V�+v4> v5, @
4

Q5
IIW+U�> 4,>

xvlqj wkh suhylrxvo| phqwlrqhg dojrulwkp edvhg rq wkh
Idvw Irxulhu Wudqvirup1

Lq rughu wr dvvhvv wkh uhodwlyh shuirupdqfh ri wkhvh



Iljxuh 6= Vl{whhq lpdjhv rewdlqhg dsso|lqj wkh Ohh
�owhu wr wkh gdwd vkrzq lq Iljxuh 51

hvwlpdwruv/ wkh iroorzlqj eldvhv zhuh frqvlghuhg

G4 @
4

Q

Q�4[
v4@3

Q�4[
v5@3

+SQ +�,+v4> v5,� V�+v4> v5,

G5 @
4

Q

Q�4[
v4@3

Q�4[
v5@3

SQ>W +�,+v4> v5,� V�+v4> v5,

G6 @
4

Q

Q�4[
v4@3

Q�4[
v5@3

SQ>K +�,+v4> v5, � V�+v4> v5,

G7 @
4

Q

Q�4[
v4@3

Q�4[
v5@3

SQ>I +�,+v4> v5, � V�+v4> v5,

ryhu rqh wkrxvdqg uhsolfdwlrqv1 Wkhvh eldvhv duh uh0
ihuuhg wr dv Gl/ dqg wkh ydoxh ri wkh lqgh{ ghqrwhv/
uhvshfwlyho|/ wkh irxu hvwlpdwruv gh�qhg deryh1

Wkh fkrvhq shulrg zdv Q @ 65/ dqg wkh ydoxhv
� 5 i3=8>4>4=8> 5j dqg � @ 4 zhuh xvhg1 Dovr wkh
frqvlghuhg qxpehu ri orrnv zhuh rqh dqg wkuhh/ uhsuh0
vhqwlqj wkh lpdjh zlwk wkh kljkhvw srvvleoh fruuxswlrq
e| vshfnoh +q @ 4, dqg d vljqdo0wr0qrlvh udwlr xvxdoo|
irxqg dffhswdeoh e| uhprwh vhqvlqj dssolfdwlrqv xvhuv
+q @ 6,1 Wkh fruuhodwlrq odjv c 5 i5>7>;j zhuh fkrvhq
iru wkh frpsdulvrq ri hvwlpdwruv1

Wkh fulwhuld fkrvhq wr pdnh wkh frpsdulvrq zhuh
edvhg rq dq hpslulf uxoh +ghvfulehg lq wkh iroorzlqj,
dqg rq wkh phdq vtxduh huuru1

<14 Hpslulf uxoh

Wklv fulwhulrq lv edvhg rq wkh dvvxpswlrq wkdw wkh re0
vhuyhg eldvhv dssur{lpdwho| reh| d Jdxvvldq glvwulex0
wlrq1 Frqvlghulqj wkdw dq hvwlpdwru lv _dgplvvleoh%
zkhq wkh vdpsoh frq�ghqfh lqwhuydo ri wkh eldv edvhg
rq wzr vwdqgdug ghyldwlrqv lqfoxghv wkh }hur ydoxh/ wkh
ehvw hvwlpdwru zloo eh wkh dgplvvleoh rqh zklfk plq0
lpl}hv wkh yduldqfh1 Wdeohv 4/ 5/ 6/ 7/ 8/ dqg 9 vkrz
wkh phdq dqg vwdqgdug ghyldwlrqv ri wkh irxu diruh0
phqwlrqhg eldvhv/ dqg wkh dffhswdeoh hvwlpdwruv duh
kljkoljkwhg/ exw lq prvw ri wkh vwxglhg fdvhv prvw ri
wkh sdudphwhuv ydoxhv |lhoghg qr dgplvvleoh hvwlpd0
wruv1 Wkxv/ zh zhuh lqgxfhg wr frqvlghu wkdw wkh el0
dvhv pd| eh idu iurp reh|lqj wkh Jdxvvldq odz/ dqg
vhyhudo er{sorw dqg klvwrjudpv zhuh pdgh lq rughu wr
dvvhv ru glvfdug wklv srvvlelolw|1 Lq �jxuhv 7 dqg 8/
er{sorwv fdofxodwhg zlwk rqh wkrxvdqg uhsolfdwlrqv duh
vkrzq/ dqg lw fdq eh vhhq wkh vwurqj dv|pphwu| ri wkh
revhuyhg eldvhv1 Wklv ihdwxuh zdv revhuyhg lq doo wkh
fdvhv/ hyhq lq wkrvh zklfk ohg wr dgplvvleoh hvwlpdwruv1
Khqfh/ wkh hvvhqwldo frqglwlrq lq rughu wr eh deoh wr xvh
wklv fulwhulrq lv wr lqfuhdvh wkh shulrg Q lq rughu wr eh
deoh wr xvh wkh fhqwudo olplw wkhruhp1

<15 Phdq vtxduh huuru

Ohw Hl eh wkh phdq vtxduh huuru ri wkh diruhphqwlrqhg
eldvhv/ gh�qhg e|

Hl @ H+G5

l , @ H+Gl,
5 . Y du+Gl, 4 � l � 7=

Lq wkh oljkw ri wkh dv|pphwulhv frpphqwhg lq wkh
suhylrxv vhfwlrq/ d pruh lqwhuhvwlqj fulwhulrq zrxog eh
fkrrvlqj dv wkh ehvw hvwlpdwru wkh rqh kdylqj eldv zlwk
plqlpxp phdq vtxduh huuru1 Wdeohv 4/ 5/ 6/ 7/ 8 dqg 9
dovr vkrz wkh phdq vtxduh huuru ri wkh irxu eldvhv dqg
wkh ehvw hvwlpdwru zdv kljkoljkwhg lq erogidfh1

43 Frqfoxvlrqv

Vhyhudo hvwlpdwruv iru wkh vshfwuxp zhuh suhvhqwhg/
dqg d Prqwh Fduor vwxg| zdv ghylvhg wr frpsduh irxu
hvwlpdwruv lq d ydulhw| ri vlwxdwlrqv1 Wzr fulwhuld zhuh
frqvlghuhg lq rughu wr �qg wkh ehvw hvwlpdwru1 Wkh �vw
fulwhulrq lv edvhg rq wkh dvvxpswlrq wkdw wkh revhuyhg
eldvhv duh dssur{lpdwho| Jdxvvldqo| glvwulexwhg/ dqg
lw zdv fohduo| qrw wuxh zkhq wkh shulrg zdv Q @ 65/
wkxv qr frqfoxvlrq frxog eh gudzq1 Krzhyhu/ wkh vlwx0
dwlrq frxog eh yhu| gl�huhqw zrunlqj zlwk shulrgv olnh
Q @ 97 ru Q @ 45;/ ehfdxvh ri wkh fhqwudo olplw wkh0
ruhp/ exw wkh frpsxwdwlrqdo frvw vkrxog eh wdnhq lq
frqvlghudwlrq1 Wkh vhfrqg fulwhulrq zdv edvhg rq wkh
phdq vtxduh huuru ri wkh eldvhv dqg lq wklv fdvh/ iru
rqh orrn lpdjhv/ wkh shulrgrjudp zdv wkh ehvw dprqj



� @ 3=8 q @ 4

c @ 5
Phdq Vwg1 Ghy1 PVH

G4 �313338 313334 61h�:
G5 �31333: 3133336 81h�:
G6 �31333: 3133336 81h�:
G7 �313339 3133337 71h�:

c @ 7

Phdq Vwg1 Ghy1 PVH
G4 �313338 313335 61h�:
G5 �31333: 3133339 81h�:
G6 �31333: 3133339 81h�:
G7 �313339 313334 71h�:

c @ ;

Phdq Vwg1 Ghy1 PVH
G4 �313338 313338 81h�:
G5 �31333: 313335 81h�:
G6 �31333: 313335 71h�:
G7 �313338 313337 81h�:

Wdeoh 4= Phdq/ vwdqgdug ghyldwlrq dqg PVH ehwzhhq
wkh wuxwk dqg hdfk hvwlpdwru/ zlwk q @ 4/ Q @ 65 dqg
� @ 41

� @ 4 q @ 4
c @ 5

Phdq Vwg1 Ghy1 PVH
G4 �313347 313335 51h�9
G5 �31334< 91h�8 61h�9
G6 �31334< 91h�8 61h�9
G7 �313349 313334 61h�9

c @ 7

Phdq Vwg1 Ghy1 PVH

G4 �313347 313336 51h�9
G5 �31334< 313334 61h�9
G6 �31334; 313334 61h�9
G7 �313348 313335 51h�9

c @ ;

Phdq Vwg1 Ghy1 PVH
G4 �313346 31333: 51h�9
G5 �31334; 313336 61h�9
G6 �31334; 313336 61h�9
G7 �313347 313339 51h�9

Wdeoh 5= Phdq/ vwdqgdug ghyldwlrq dqg PVH ehwzhhq
wkh wuxwk dqg hdfk hvwlpdwru/ zlwk q @ 4/ Q @ 65 dqg
� @ 41

� @ 5 q @ 4
c @ 5

Phdq Vwg1 Ghy1 PVH
G4 �313376 313337 51h�8
G5 �313389 313334 61h�8
G6 �313389 313334 61h�8
G7 �31337: 313336 51h�8

c @ 7

Phdq Vwg1 Ghy1 PVH
G4 �313375 31333; 51h�8
G5 �313389 313335 61h�8
G6 �313389 313336 61h�8
G7 �313377 31333: 51h�8

c @ ;

Phdq Vwg1 Ghy1 PVH
G4 �31336< 31334: 51h�8
G5 �313387 313338 61h�8
G6 �313387 313339 61h�8
G7 �313373 31334: 51h�8

Wdeoh 6= Phdq/ vwdqgdug ghyldwlrq dqg PVH ehwzhhq
wkh wuxwk dqg hdfk hvwlpdwru/ zlwk q @ 4/ Q @ 65 dqg
� @ 41

� @ 3=8 q @ 6
c @ 5

Phdq Vwg1 Ghy1 PVH
G4 �31333: 41h�8 81h�:
G5 �31333: 71h�9 81h�:
G6 �31333: 71h�9 81h�:
G7 �313339 71h�8 71h�:

c @ 7

Phdq Vwg1 Ghy1 PVH
G4 �31333: 51h�8 81h�:
G5 �31333: ;1h�9 81h�:
G6 �31333: <1h�9 81h�:
G7 �313339 313334 71h�:

c @ ;

Phdq Vwg1 Ghy1 PVH
G4 313347 31336; 41h�8
G5 �313335 313346 51h�9
G6 �313335 313347 51h�9
G7 313497 313648 313345

Wdeoh 7= Phdq/ vwdqgdug ghyldwlrq dqg PVH ehwzhhq
wkh wuxwk dqg hdfk hvwlpdwru/ zlwk q @ 6/ Q @ 65 dqg
� @ 41



� @ 4 q @ 6
c @ 5

Phdq Vwg1 Ghy1
G4 �31334; 51h�8 71h�9
G5 �31334< 81h�9 71h�9
G6 �31334< 91h�9 71h�9
G7 �313349 313334 61h�9

c @ 7

Phdq Vwg1 Ghy1 PVH
G4 �31334< 71h�8 61h�9
G5 �31334< 41h�8 71h�9
G6 �31334< 41h�8 71h�9
G7 �313348 313335 51h�9

c @ ;

Phdq Vwg1 Ghy1 PVH
G4 31336; 31339: 91h�8
G5 �313339 313357 91h�9
G6 �313338 313359 :1h�9
G7 31378;8 313899 313386

Wdeoh 8= Phdq/ vwdqgdug ghyldwlrq dqg PVH ehwzhhq
wkh wuxwk dqg hdfk hvwlpdwru/ zlwk q @ 6/ Q @ 65 dqg
� @ 41

� @ 5 q @ 6
c @ 5

Phdq Vwg1 Ghy1 PVH
G4 3133:7 313364 91h�8
G5 �31336< 31333< 51h�8
G6 �31336: 313343 41h�8
G7 313;66 313535 3133:6

c @ 7
Phdq Vwg1 Ghy1 PVH

G4 3133;8 313396 313334
G5 �313366 313356 51h�8
G6 �313364 313356 41h�8
G7 314369 3137;9 313464

c @ ;
Phdq Vwg1 Ghy1 PVH

G4 313447 313473; 313336
G5 �31334< 313383 61h�8
G6 �313349 313385 61h�8
G7 31474: 314536 313679

Wdeoh 9= Phdq/ vwdqgdug ghyldwlrq dqg PVH ehwzhhq
wkh wuxwk dqg hdfk hvwlpdwru/ zlwk q @ 6/ Q @ 65 dqg
� @ 41

Iljxuh 7= Er{ sorwv iru wkh � @ 5/ c @ 7/ q @ 4/ Q @ 65
vlwxdwlrq1

Iljxuh 8= Er{ sorwv iru wkh � @ 5/ c @ 7/ q @ 6/ Q @ 65
vlwxdwlrq1



wkh frqvlghuhg hvwlpdwruv1 Zkhq wkuhh orrnv gdwd duh
dydlodeoh wkh fkrlfh zdv qrw vr fohdu/ ehfdxvh lw gh0
shqgv rq wkh fruuhodwlrq vwuxfwxuh1 Wkh hvwlpdwlrq
zlwk wkh Wxfnh|0Kdqqlqj zdv wkh ehvw rqh zkhq � @ 5/
exw wkh suh0�owhulqj zdv ehwwhu lq vrph rwkhu fdvhv khuh
frqvlghuhg1

Wklv zrun zloo frqwlqxh zlwk wkh dqdo|vlv ri wkh
Q @ 97 dqg Q @ 45; fdvhv/ dqg wkh sursrvdo dqg
dvvhvvphqw ri urexvw hvwlpdwlrq whfkqltxhv1 Dqrwkhu
h{whqvlrq lv wkh xvh ri wkh Iurvw �owhu/ wkdw lqfrusrudwhv
d fruuhodwlrq vwuxfwxuh vlplodu wr wkh rqh khuh xvhg1

Dfnqrzohgjphqwv

Wklv zrun zdv sduwldoo| vxssruwhg e| judqwv iurp wkh
Dujhqwlqh djhqflhv FRQLFRU dqg Vhf|w0XQF/ dqg
wkh Eud}loldq djhqflhv FQSt +Surf1 85679<2<90<, dqg
IDFHSH +DST 3:3:041362<:,1 Wkh dxwkruv dfnqrzo0
hgjh wkh vxjjhvwlrqv pdgh e| wkh uhihuuhv1

Uhihuhqfhv

^4` R1K1 Exvwrv/ D1J1 Iohvld +4<<;, Hvwlpdwlrq ri
vshfwuxp iurp vshfnohg VDU lpdjhv1 Surfhhglqjv
ri wkh vhfrqg Odwlq0Dphulfdq Vhplqdu rq Udgdu
Uhprwh Vhqvlqj= Lpdjh Surfhvvlqj Whfkqltxhv/
HVD VS 767/ s1 94~98/ Hxurshdq Vsdfh Djhqf|
+HVD,/ Vdqwrv/ Eud}lo1

^5` D1F1 Iuhu|/ K10M1 P�xoohu/ F1F1I1 \dqdvvh/ V1M1V1
Vdqw*Dqqd +4<<:, D prgho iru h{wuhpho| khw0
hurjhqhrxv foxwwhu1 LHHH Wudqvdfwlrqv rq Jhr0
vflhqfh dqg Uhprwh Vhqvlqj/ y1 68/ s1 97;~98<1

^6` D1F1 Iuhu|/ V1M1V1 Vdqw*Dqqd/ Q1G1D1 Pdvfduhq0
kdv/ R1K1 Exvwrv +4<<:,/ Urexvw lqihuhqfh whfk0
qltxhv iru vshfnoh qrlvh uhgxfwlrq lq 40orrn dpsol0
wxgh VDU lpdjhv1 Dssolhg Vljqdo Surfhvvlqj/ y1 7/
s1 94~:91

^7` [1 Jx|rq +4<<4, Udqgrp �hogv rq d qhwzrun=
prgholqj/ vwdwlvwlfv/ dqg dssolfdwlrqv1 Vsulqjhu0
Yhuodj/ Qhz \run +Suredelolw| dqg lwv dsolfd0
wlrqv,1

^8` M1V1 Ohh +4<;9,1 Vshfnoh vxssuhvvlrq dqg dqdo|vlv
iru v|qwkhwlf dshuwxuh udgdu lpdjhv/ Rswlfdo Hq0
jlqhhulqj/ y1 58/ s1 969~9761

^9` F1M1 Rolyhu> V1 Txhjdq +4<<;, Xqghuvwdqglqj
v|qwkhwlf dshuwxuh udgdu lpdjhv1 Duwhfk Krxvh/
Ervwrq1

^:` J1 Urqqlqj +4<::, D vlpsoh vfkhph iru jhqhudw0
lqj Pxowlyduldwh Jdppd glvwulexwlrqv zlwk qrq
qhjdwlyh fryduldqfh pdwul{/ Whfkqrphwulfv/ y1 4</
s1 4:<~4;61

^;` P1 Wxu/ N1F1 Fklq/ dqg M1Z1 Jrrgpdq +4<;5,
Zkhq lv vshfnoh qrlvh pxowlsolfdwlyhB Dsso1 Rsw/
y1 54/ s1 448:~448<1

^<` F1F1I1 \dqdvvh +4<<4,1 Vwdwlvwlfdo dqdo|vlv ri v|q0
wkhwlf dshuwxuh udgdu lpdjhv dqg lwv dssolfdwlrqv
wr v|vwhp dqdo|vlv dqg fkdqjh ghwhfwlrq1 SkG
Wkhvlv1 Xqlyhuvlw| ri Vkh�hog/ XN1

^43` F1F1I1 \dqdvvh/ D1F1 Iuhu|/ V1M1V1 Vdqw*Dqqd
+4<<8, Vwrfkdvwlf glvwulexwlrq dqg pxowlsolfdwlyh
prgho= Uhodwlrqv/ surshuwlhv dqg dssolfdwlrqv wr
VDU Lpdjh Dqdo|vlv/ Whfkqlfdo Uhsruw LQSH0
89630QWF264;1 LQSH/ V�dr Mrv�h grv Fdpsrv/
Eud}lo1


